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The  edge  reconstruction  conjecture  states  that  a graph  G is  uniquely  determined, 
up  to  isomorphism,  by  {G  - e | e e E{G)},  the  collection  of  the  edge-deleted  sub- 
graphs of  G.  A new  counting  approach  to  edge  reconstruction  is  introduced  in  this 
thesis.  Using  the  counting  formula,  it  is  proved  that  a 2-edge-connected  bipartite 
graph  G = {A,B)  is  edge  reconstructible  if  e{G)  > where  £(G),  i/{A) 

and  t/{B)  denote  the  number  of  edges  in  G,  the  number  of  vertices  in  A and  the  the 
number  of  vertices  in  B,  respectively,  and  that  a separable  graph  G with  3-connected 
pruned  center  P is  edge  reconstructible  if  e{P)  > where  p = u{P).  The  main 
and  most  difficult  result  is  that  a graph  G with  pruned  center  P is  edge  reconstructible 
if  e{P)  > ^p{p  -I-  3).  In  proving  this  theorem  a result  of  Greenwell  and  Hemminger 
on  the  reconstructibility  of  the  set  of  branches  of  a sepajable  graph  is  improved. 
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CHAPTER  1 
INTRODUCTION 


A graph  G is  a pair  (U(G),E(G)),  where  V{G)  is  called  the  vertex  set  of  G tind 
E{G)  C V{G)  X V{G)  is  called  the  edge  set  of  G.  If  (u,  u)  € E{G),  then  u and 

V axe  said  to  be  joined  by  an  edge  or  adjacent.  The  graph  G is  finite  if  both  the 
vertex  set  and  the  edge  set  axe  finite.  G is  undirected  if  each  pair  (u,  v)  in  E{G)  is 
unordered.  If  each  pair  (u,  v)  is  ordered,  then  G is  called  a directed  graph  or  a digraph. 
A graph  G without  loops  or  multiple  edges  is  called  simple.  All  graphs  in  this  paper 
axe  finite,  simple  and  undirected  unless  stated  otherwise.  Let  t'(G)  = |U(G)|  and 
e(G)  = |E?(G)|.  The  number  of  edges  adjacent  to  u in  G is  called  the  degree  of  v 
in  G and  is  denoted  daiv).  A vertex  v is  called  a k-vertex  if  da{v)  = k.  An  edge 
adjacent  to  a 1-vertex  is  called  a pendant  edge.  The  degree  sequence  of  a graph  G is 
the  sequence  obtained  by  listing  the  degrees  of  its  vertices  in  nondecreasing  order. 
A graph  G is  called  k-regular  if  all  its  vertices  have  degree  k.  A ik-regulax  graph  is 
simply  called  a regular  graph  when  the  value  k is  not  emphasized.  A complete  graph 
is  a graph  such  that  each  pair  of  its  vertices  axe  adjacent.  A graph  G is  disconnected 
if  the  vertex  set  of  G can  be  partitioned  into  two  non-empty  sets  V\  and  V2  such  that 
there  is  no  edge  between  a vertex  V\  and  a vertex  of  V2.  If  G is  not  disconnected,  it  is 
called  connected.  A graph  G is  called  separable  if  G is  connected  and  there  is  a vertex 

V € V{G)  such  that  G — V is  disconnected,  where  G — w is  a subgraph  of  G obtained 
by  deleting  v and  all  its  incident  edges.  The  vertex  v is  called  a cutpoint  of  G.  For  a 
separable  graph  G which  is  not  a tree,  define  the  pruned  graph  of  G,  pruned{G),  to 
be  the  maximal  subgraph  of  G that  has  no  1-vertex.  A maximal  connected  subgraph 
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that  has  exactly  one  vertex  in  common  with  pruned{G)  is  called  a tree-growth  in  G. 
A 2-hlock  in  a graph  is  a maximal  2-connected  subgraph.  Notice  that  a 2-block  could 
be  an  edge,  in  which  case  it  is  called  a trivial  2-block.  The  block-cutpoint  tree  of  a 
graph  G,  block{G),  has  the  set  of  all  outpoints  and  all  2- blocks  of  G as  its  vertex  set. 
Two  vertices  of  block{G)  are  joined  by  an  edge  if  and  only  if  one  of  them  is  a 2-block 
of  G and  the  other  is  a cutpoint  of  G on  the  2-block.  For  any  block-cutpoint  tree  T, 
it  can  be  easily  shown  that  there  exists  a unique  vertex  in  T such  that  the  distances 
between  this  vertex  and  ajiy  two  endpoints  of  any  longest  path  an:e  always  the  same. 
This  unique  vertex  is  called  the  ceter  of  T.  The  2-block  or  cutpoint  P of  G which  is 
the  center  of  the  tree  block{pruned{G))  is  called  the  center  of  G.  A branch  B of  G 
is  a maocimal  subgraph  of  G that  contains  exactly  one  vertex  u of  the  pruned  center 
P,  called  the  root  of  B,  such  that  B — u is  connected.  A branch  B is  called  a rooted 
branch  if  the  root  of  B is  labeled.  (For  example,  the  root  can  be  labeled  by  coloring 
it  blue.)  Hereafter,  branch  will  always  mean  rooted  branch.  The  set  of  all  branches 
of  G is  denoted  by  or  simply  yS  if  G is  clear  from  the  context. 

Let  {G  — u}  = {G—v\v  G F(G)}  be  the  collection  of  all  vertex-deleted  subgraphs 
of  G.  A reconstruction  of  G is  a graph  H such  that  {G  — u}  = {H  — u},  that  is,  there 
is  a bijection  / between  V{G)  and  V{H)  such  that  G - v = H — f{v),  Vu  6 V{G). 
A property  or  parameter  P is  reconstructible  if,  for  any  graph  G with  the  property 
or  parameter  P,  all  its  reconstructions  also  have  the  property  or  parameter  P.  For 
example,  being  disconnected  is  a reconstructible  property;  the  degree  sequence  is  a 
reconstructible  parameter  [1].  A graph  G is  reconstructible  if,  for  any  reconstruction 
H of  G,  we  have  H = G.  Shown  in  Figure  1.1  are  a paiir  of  graphs  G and  H that  axe 
not  reconstructible. 

Reconstruction  Coniecture.  All  finite,  undirected,  simple  graphs  with  at  least 
three  vertices  axe  reconstructible. 
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The  example  in  Figure  1.1  shows  the  necessity  of  at  least  three  vertices.  The 
Reconstruction  Conjecture,  posed  in  1941  by  Kelly  and  Ulam  [2],  is  regarded  as  one 
of  the  foremost  unsolved  problems  in  graph  theory.  The  original  form  of  the  problem 
can  be  found  in  Ulam’s  book  “A  collection  of  mathematical  problems”  [3,  p.29].  It 
was  stated  as  an  algebraic  problem,  as  follows. 

The  original  version  of  reconstruction  problem.  “Suppose  that  in  two  sets  A and 
B,  each  of  n elements,  there  is  defined  a distance  function  p for  every  pair  of  distinct 
points,  with  values  either  1 or  2,  and  p{p,p)  = 0.  Assume  that  for  every  subset  of 
n — 1 points  of  A,  there  exists  an  isometric  system  of  n — 1 points  of  B,  and  the 
number  of  distinct  subsets  isometric  to  any  given  subset  of  n — 1 points  is  the  same 
in  A cis  in  B.  Are  A and  B isometric  ? “ 

The  original  problem  can  be  easily  transformed  to  the  graph  reconstruction  prob- 
lem by  defining  two  graphs  G and  H with  the  vertex  set  A and  B,  respectively,  such 
that  for  ciny  two  vertices  u and  v,  (u,v)  is  an  edge  if  and  only  if  p{u,v)  = 1. 

The  first  published  work  on  this  conjecture  is  due  to  P.J.  Kelly.  He  proved  in 
1957  that  the  conjecture  is  true  for  trees,  disconnected  graphs  and  regular  graphs  [4]. 
To  prove  these  results,  Kelly  established  a fundamental  lemma. 


U V V 


U 


o 


o 


o 


o 


G 


G-u  G-v 


u 


V 


V 


u 


o 


o 


o 


o 


H H-u  H-v 

Figure  1.1.  Here  we  have  {G  - v}  = {H  - u},  but  H ^ G. 
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Kelley’s  Lemma.  For  any  two  graphs  F and  G such  that  v{F)  < the  number 
s{F,  G)  of  subgraphs  of  G isomorphic  to  F is  reconstructible. 

Actually,  he  proved  that 


s{F,G)=  E 


s{F,G-v) 


which  implies  Kelly’s  Lemma.  Since  then,  much  work  has  been  done  on  the  Re- 
construction Conjecture.  It  has  been  checked  that  the  conjecture  is  true  for  graphs 
with  at  most  9 vertices  [5,  p.  229].  Bondy  showed  in  1969  [6]  that  separable  graphs 
with  no  1 — vertex  are  reconstructible.  In  the  same  yeax,  Greenwell  and  Hemminger 
[7]  proved  that,  for  a separable  graph  G,  the  set  is  reconstructible  if  there  is  a 
1-vertex  v such  that  G — v has  at  least  two  branches  with  1-vertices.  Also  in  1969, 
Geller  and  Manvel  [8]  generalized  Kelly’s  result  on  trees  and  proved  that  Cacti  (a 
cactus  is  a graph  whose  non-trivial  2-blocks  are  all  cycles)  are  reconstructible.  Their 
result  was  later  extended  by  this  author  to  the  graphs  whose  non-trivial  2-blocks  are 
all  Eulerian  graphs  (a  graph  is  called  an  Eulerian  graph  if  all  its  vertices  have  even 
degrees  ) [9].  Most  of  the  results  obtained  so  far  are  on  separable  graphs.  It  seems 
that  non-separable  graphs  (that  is,  2-connected  graphs)  are  much  more  difficult  to 
deal  with.  In  fact,  this  author  proved  in  1988  that  if  all  2-connected  graphs  are 
reconstructible,  then  the  Reconstruction  Conjecture  is  true  [10]. 

During  the  past  half  century,  many  problems  related  to  the  Reconstruction  Con- 
jecture have  been  proposed.  These  problems,  together  with  the  Reconstruction  Con- 
jecture, form  a special  area  in  the  study  of  graph  theory,  called  graph  reconstruction 
problems.  Some  of  these  problems  are  listed  below. 

Problem  1.  Reconstruction  of  digraphs. 

The  reconstruction  problem  for  digraphs  is  defined  similar  to  undirected  graphs. 
The  Reconstruction  Conjecture  is  false  for  digraphs.  In  fact,  it  is  even  not  true 
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for  tournaments,  the  digraphs  obtained  by  assigning  a direction  to  each  edge  of  a 
complete  graph.  Moreover,  Stockmeyer  (1976,  [11])  constructed  non-reconstructible 
tournaments  on  2” +2*”  vertices  for  all  m and  n,  not  both  zero,  thus  dashing  any  hope 
of  modifying  the  Reconstruction  Conjecture  by  putting  a restriction  on  the  number  of 
vertices.  However,  a modified  version  of  the  digraph  reconstruction  problem,  called 
the  N-reconstruction  problem  (see  below),  has  been  proposed  and  is  still  open  as  of 
today. 

Let  dout(u),  called  out-degree  of  the  vertex  u of  a digraph,  be  the  number  of  arcs 
of  the  form  («,  w)  in  B and  let  d,n(w),  called  in-degree  of  the  vertex  u,  be  the  number 
of  arcs  of  the  form  (w,  u)  in  D.  (do«t(u),  d,„(u))  is  called  the  degree-pair  oi  u.  In  1981, 
Ramachandran  [12]  defined  a digraph  D to  be  N-reconstructible  if  it  is  reconstructible 
from  {D  — v\v  G V^D)}  provided  the  degree-pair  of  the  deleted  vertex  is  supplied 
with  each  vertex-deleted  subgraph  in  {D  — u|u  G V{Dy).  He  pointed  out  that  all 
counterexamples  to  digraph  reconstruction  are  N-reconstructible  [13],  thus  raised  the 
following  problem. 

N-Reconstruction  Conjecture.  All  digraphs  are  N-reconstructible. 

Problem  2.  Reconstruction  of  infinite  graphs. 

A graph  G is  called  an  infinite  graph  if  either  V{G)  or  E{G)  is  an  infinite  set. 
The  reconstruction  problem  for  infinite  graphs  is  stated  similarly  to  the  case  of  finite 
graphs  [14].  There  axe  many  counterexamples  to  the  infinite  graph  reconstruction 
problem.  The  simplest  one  is  a pair  of  graphs  r«>  (the  Ro-regular  tree  ) and  2Too 

[15] .  However,  there  is  another,  perhaps  more  natural,  version  of  the  infinite  graph 
reconstruction  problem,  proposed  by  R.  Halin  (see  Bondy  and  Hemminger’s  paper, 

[16] ).  Halin  observed  that  all  known  non-reconstructible  pairs  have  the  property  that 
each  is  isomorphic  to  an  induced  subgraph  of  the  other.  The  graphs  with  this  property 
are  called  H-isomorphic.  A graph  G is  H-reconstructihle  if  every  reconstruction  of  G 


6 


is  H-isomorphic  to  G.  Notice  that  in  case  of  a finite  graph,  H-reconstructible  and 
reconstructible  are  equivalent.  The  following  conjecture  is  still  open. 

Halin’s  Conjecture.  All  graphs  are  H-reconstructible. 

Among  all  the  reconstruction  problems,  the  one  that  has  received  most  attention 
in  recent  years  is  the  edge  reconstruction  problem,  posed  by  Harary  in  1964  [14]. 

Problem  3.  Edge  reconstruction  problem. 

Let  G be  a graph.  For  all  e € E{G),  define  the  edge  deleted  subgraph  G — e to  be 
the  subgraph  of  G obtained  by  deleting  the  edge  e from  G.  Denote  {G  — e}  = {G  — 
e I e 6 E(G)}.  An  edge  reconstruction  of  G is  a graph  H such  that  {H  — e}  = {G  — e}. 
A property  or  parameter  of  a graph  being  edge  reconstructible  is  defined  similarly  to 
the  vertex  version.  A graph  G is  edge  reconstructible  if,  for  any  edge  reconstruction 
H of  G,  we  have  H = G,  Shown  in  Figure  1.2  are  a ptiir  of  graphs  G and  H that  are 
not  edge  reconstructible. 

Edge  Reconstruction  Conjecture.  All  finite,  undirected,  simple  graphs  with  at 
least  four  edges  axe  edge  reconstructible. 

The  example  in  Figure  1.2  shows  the  necessity  of  at  least  four  edges.  Progress  on 
the  Edge  Reconstruction  Conjecture  has  been  steady.  In  1971,  Greenwell  showed 
that  for  any  graph  G (with  at  least  four  edges  and  without  any  isolated  vertex),  the 
set  {G  — e}  determines  the  set  {G  — u)  [17].  This  implies  that  all  reconstructible 


H G 

Figure  1.2.  Here  we  have  {G  — e}  = {H  — e},  but  H ^ G. 
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properties  or  parameters  are  also  edge  reconstructible.  In  particular,  all  vertex  re- 
constructible  graphs  mentioned  thus  far  are  also  edge  reconstructible.  Much  recent 
research  has  been  inspired  by  an  important  paper  of  Lov^z  published  in  1972  [18], 
in  which  he  proved  that  a graph  G is  edge  reconstructible  if  e{G)  > | In  1977 

Muller  [19]  extended  this  result  by  proving  that  a graph  G is  edge  reconstructible  if 
> i/(G)\.  In  1987,  Ellingham,  Hoffman  and  Myrvold  [20]  proved  that  bi-degree 
graphs  are  edge  reconstructible.  In  1988,  Ellingham,  Pyber  and  Yu  [21]  showed  that 
7^1,3— free  graphs  axe  edge  reconstructible. 

In  Section  2.1  that  follows,  a new  counting  formula  is  proved.  Unlike  the  count- 
ing formulas  used  by  Lovasz  or  Muller,  which  require  that  the  whole  graph  have 
sufficiently  many  edges,  the  new  counting  formula  only  requires  that  a certain  sub- 
graph have  sufficiently  many  edges.  In  section  2.2,  our  counting  formula  is  used  to 
prove  that  a 2-edge-connected  bipartite  graph  G = (A,  B)  is  edge  reconstructible  if 
e{G)  > and  that  a separable  graph  G with  3-connected  pruned  center  P 

is  edge  reconstructible  if  e{P)  > \ In  Chapter  3,  the  assumption  that  P is 

3-connected  is  dropped  in  the  latter  result.  It  is  proved  that  a graph  G with  pruned 
center  P is  edge  reconstructible  if  e{P)  > \p{p+S).  To  obtain  this  result,  it  is  proved 
in  Section  3.2  that  the  set  of  branches  of  a separable  graphs  G is  reconstructible  un- 
less all  the  following  hold:  (1)  G has  exactly  two  branches,  (2)  one  branch  contains  all 
the  1-vertices  of  G,  (3)  the  other  branch  contains  exactly  one  end-block,  and  (4)  the 
pruned  center  of  G is  a vertex  or  an  edge.  This  is  an  improvement  on  the  previously 
mentioned  theorem  of  Green  well  and  Hemminger  [7]. 


CHAPTER  2 

NEW  COUNTING  FORMULA 
2.1  The  Counting  Formula 

In  this  section  a counting  formula  for  edge  reconstruction  is  given.  The  graph 
G is  regarded  as  a subgraph  of  K^.  Hereafter  5,  T is  a partition  of  the  edge  set  of 
the  complete  graph  such  that  S is  either  a complete  subgraph  of  order  not  more 
than  1/  or  a complete  bipartite  subgraph  of  order  v.  The  later  case  occurs  only  if  G 
itself  is  bipartite,  in  which  case  the  bipartition  of  G and  S must  be  the  same.  Let 
Qg  = G C\  S and  Qq  = (J  D 5.  If  G is  understood,  Qq  and  Qq  are  simply  denoted 
Q and  Q,  respectively.  Note  that  Q is  the  complement  of  Q in  S.  A subgraph  of  Kt, 
is  called  full  if  it  contains  all  edges  of  G OT,  possibly  some  edges  of  S and  no  other 
edges.  Given  a full  graph  F,  a copy  F'  of  F is  a full  subgraph  of  such  that  F'  = F 
with  GC\T  corresponding  to  G f1  T under  the  isomorphism.  A copy  F'  of  F is  called 
a true  G-copy  if  F'  C G.  Let  s{F,G)  denote  the  number  of  true  G-copies  of  F.  If  G 
is  understood,  a true  G-copy  is  simply  called  a true  copy.  A copy  of  F that  is  not  a 
true  copy  is  called  a fake  G-copy.,  or  simply  a fake  copy  when  G is  understood. 

Denote  F = F — (G  D T).  Note  that  F = F 0 Q when  F Q G.  For  a given  full 
graph  F , define  taiF)  to  be  the  total  number  of  copies  of  F counted  in  {G-|-e  | e 6 Q}, 
that  is, 

tG{F)=J2^{F,G-\-e). 

e£Q 

Let  [F  - e]  be  the  maximum  subset  of  {F  - e\e  e F}  such  that  no  two  graphs  in 

“ e]  are  isomorphic  to  each  other.  In  another  words,  if  the  set  {F  — e | e € F}  is 
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paxtitioned  into  isomorphism  classes,  then  [F  — e]  is  a set  of  representatives  of  these 
classes.  Given  F — e E [F  — e],  the  number  of  ways  to  add  an  edge  of  S to  any  true 
copy  of  F — e to  get  a copy  of  F is  denoted  by  a(F  — e).  We  now  show  that  a(F  — e)  is 
independent  of  the  embedding  of  F— e in  (7.  Consider  septirately  the  cases  S complete 
and  S complete  bipartite.  Suppose  that  5 is  a complete  subgraph.  Let  (F  — e)'  and 
(F— e)"  be  two  true  copies  of  F — e in  G.  By  the  definition  of  being  a copy,  there  must 
be  an  isomorphism  / : (F  — e)'  = (F  — e)"  such  that  f{GC\T)  = Gr\T  and  hence  / 
takes  vertices  of  S to  vertices  of  S.  Hence  adding  an  edge  (u,  v)  £ S to  (F  — e)'  yields 
a (true  or  fake)  copy  of  F if  and  only  if  adding  {f{u),f{v))  £ S to  {F  — e)"  yields  a 
(true  or  fake)  copy  of  F.  Therefore  a(F  — e)'  = a{F  — e)".  Suppose  now  that  F is  a 
complete  bipartite  graph.  Let  the  bipartition  of  S (and  of  G)  be  U,  V.  Let  (F  — e)' 
and  (F  — e)"  be  two  true  copies  of  F — e in  G.  By  the  definition  of  being  a copy, 
they  must  both  contain  G C\T,  that  is  contain  all  edges  of  two  complete  subgraphs 
induced  by  vertices  of  U and  V,  respectively.  Moreover,  there  is  an  isomorphism 
/ : (F  — e)'  = (F  — e)"  with  GOT  corresponding  to  G C\T.  For  any  two  vertices 
u £ U and  u € F,  if  /(u)  and  f{v)  are  both  in  U or  both  in  V,  then  one  of  u or  u 
must  be  adjacent  to  all  vertices  in  (F  - e)',  in  particular,  (u,  v)  £ {F  - e)'.  Hence  for 
any  two  vertices  s £ U &nd  t £ V,  it  (s,t)  ^ (F  - e)',  then  /(s)  and  /(t)  cannot  both 
be  in  £/  or  both  in  V.  Clearly  adding  (s,  t)  to  (F  — e)'  yields  a copy  of  F if  and  only  if 
adding  if{s),f{t))  to  (F  — e)"  yields  a copy  of  F.  Moreover,  since  f{s)  and  /(<)  are 
not  both  in  U or  both  in  V,  we  have  {f{s),f{t))  £ S.  Hence  a(F  - e)'  = a(F  - e)". 

Theorem  2.1  (Counting  Formula).  If  F is  full  and  e(F)  ^ e(Q),  then 


s 


lEp-eelF-e]  ’S(F  - e,  G)a(F  - e)]  - tc(F) 


(1) 
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Proof.  Define  f = ta{F)  to  be  the  total  number  of  fake  G-copies  of  F counted  in 
{G  + e|e  € Q}.  Compute  t'  as  follows.  A fake  copy  of  F has  the  form  (F  — e)'  + /, 
where  (F  — e)'  C G is  a true  copy  of  some  F — e € [F  — e]  and  f ^ Q.  For  a particular 
subgraph  (F  — e)'  of  G,  there  are  a(F  — e)  ways  to  add  an  edge  to  get  a copy  of  F, 
that  is,  there  cire  a(F  — e)  edges  f in  S such  that  (F  — e)'  + / is  a copy  of  F.  Denote 
by  b(F  — e)'  the  number  of  such  / in  Q.  Then  there  are  exactly  a(F  — e)  — b{F  — ef 
fake  copies  of  F having  the  form  (F  — e)'  + /.  Hence 

*'=  E E [a(F  - e)  - 6(F  - e)1. 

F-e€[F-e]  (F-e)'“F-e 

The  number  of  true  copies  (F  — e)'  isomorphic  to  F — e is  s(F  — e,  G);  therefore 

Y.  E o(^'-e)=  E s{F  - e,G)a{F  - e). 

F-e6[F-e]  (F-e)'“F-e  F-ee[F-e] 


For  each  particular  subgraph  (F  — e)'  of  G,  the  number  of  true  copies  of  F contciining 
(F  — e)'  in  G is  b{F  — e)'.  On  the  other  hand,  for  each  given  true  copy  F'  of  F in  G, 
F'  contains  exactly  e(F)  subgraphs  of  the  form  F'  — e,  where  e € F.  Therefore 

E E b{F  - e)' = s(F,G)e{F) 

F-e6[F-e]  (F-e)'SF-e 


<'=  E W^’-e,G)a(f’-e)]-s(/',G)£(F). 

F-e€[F-e] 


and  hence 
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Note  that  a{F,  G)e{Q)  counts  the  total  number  of  true  copies  of  F appearing  in 
{G  + e I e G Q}  which  is  t — t'.  Hence 

s(F,GM®  = ((F)-  Y,  [s{F-e,GHF-e)]  + s{F,G)e(,F), 

F-eelF-e] 


and 


,p  g,  _ [Ef-.€[f-.|  s{F-e,  G)a(F  - e)]  - tg{F) 

e(F)-e(Q) 

Let  H be  any  subgraph  of  such  that  HC\T  = GC\T.  In  this  case  the  definition 
of  a full  graph  F is  the  same  whether  in  reference  to  graph  G or  graph  H.  Also 
s{F,  G)  and  s{F,  H)  refer  to  the  number  of  true  G-copies  of  F and  the  number  of 
true  H-copies  of  F,  respectively.  Notice  that  in  Equation  (1),  substituting  H for  G 
yields  the  following  equality. 


s{F,H) 


[EF-e6[F-e]  ~ H)a{F  - c)]  - tff(F) 

e{F)  - EiQjj) 

2.2  Applications  of  the  Counting  Formula 


(2) 


This  section  contains  the  proofs  of  two  results  stated  in  the  introduction.  Both 
proofs  follow  the  same  format,  an  induction  based  on  the  counting  formula.  As  in 
Section  2.1,  G is  a fixed  graph,  regarded  as  a subgraph  of  K^,  and  5,  T is  a particular 
partition  of  the  edge  set  of  K„  such  that  S is  either  a complete  subgraph  of  order  not 
more  than  i/  or  a complete  bipaxtite  subgraph  of  order  u.  The  graphs  Q and  Q are 
defined  as  in  Section  2.1. 

Let  F be  a subgraph  of  G and  G — e any  graph  in  {G  — e}.  We  often  use  the 
terminology  “whether  or  not  e ^ F can  be  recognize<F . This  means  that  whether  or 
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not  e £ F can  be  determined  by  the  set  {G  — e}.  For  example,  let  F be  the  complete 
graph  K4  and  let  G be  a graph  obtained  by  adding  a vertex  u and  an  edge  joining 
u and  a vertex  v E F.  In  {G  — e},  there  is  a graph  (which  is  in  fact  G — (u,u)) 
consisting  of  a K4  and  an  isolated  vertex.  Therefore,  from  {G  — e}  we  know  that  G 
must  consist  of  a complete  graph  K4  and  an  additional  edge  adjacent  to  a vertex  of 
K4.  Hence  given  any  G — eE  {G  — e},e€  Fif  and  only  if  G — e contains  no  vertex  of 
degree  zero.  Thus  for  any  G — e6  {G  — e},  whether  or  not  e E F can  be  recognized. 
Likewise,  for  any  subgraph  F'  of  G — e,  we  say  that  F'  can  be  recognized  in  G — e if, 
using  any  information  in  {G  — e},  F'  can  be  distinguished  in  G — e.  Using  the  same 
example  as  above,  let  F'  = G — (u,  v).  Since  we  already  know  from  {G  — e}  that  G 
consist  of  a complete  graph  K4  and  an  additional  edge  adjacent  to  a vertex  of  K4, 
F'  can  be  recognized  in  G — (u,  v)  as  the  unique  complete  subgraph  of  order  four. 

For  ease  in  applying  the  counting  formula,  the  concept  of  complement  edge  re- 
construction is  introduced  as  follows.  A graph  H is  called  a complement  edge  recon- 
struction of  G if  there  is  a bijection  / : F(G)  — > E{H)  such  that  G -}-  e = H f{e) 
for  all  e E E{G).  This  fact  will  also  be  denoted  {G  -f-  e}  = {H  + e}.  A graph  G is 
called  complement  edge  reconstructible  \{  G = H for  every  complement  edge  recon- 
struction H of  G.  It  is  easy  to  see  that  a graph  is  edge  reconstructible  if  and  only  if 
its  complement  is  complement  edge  reconstructible. 

Theorem  2.2.  Let  G'  be  a separable  graph  with  3-connected  pruned  center  P.  If 

is  edge  reconstructible. 

Proof.  It  will  be  shown  that  G'  is  edge  reconstructible  by  proving  that  G'  is 
complement  edge  reconstructible.  This  is  done  by  applying  Theorem  2.1  to  G = ^. 
In  this  case  G = G'  is  a separable  graph  with  pruned  center  P.  Let  S be  the  complete 
graph  induced  by  V{P).  Then  Q = GnSaxidQ  = Gr\S  = P.  Some  preliminary 
facts  are  proved  first. 
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(1)  The  pruned  graph  and  pruned  center  of  G'  are  reconstructible. 

To  see  this  assume  that  G'  contains  a 1-vertex  since  a separable  graph  without 
a 1- vertex  is  known  to  be  reconstructible  [6].  The  center  P is  not  a vertex  because 
e{P)  > I > 0.  The  pruned  graph  of  G',  and  hence  the  pruned  center  of  G',  is 

reconstructible  because  the  pruned  graph  of  G'  is  exax:tly  the  pruned  graph  of  G'  — e, 
where  e is  any  edge  incident  with  a 1-vertex.  Such  &G'  — e can  be  recognized  because 
the  degree  sequence  is  reconstructible. 

(2)  The  set{(?-t-e|e6Q}  can  be  recognized  from  {G  -{■  e). 

This  is  equivalent  to  showing  that  {G  — e | e € P}  can  be  recognized  from  {G  — e}. 
Given  G — e,  to  determine  whether  or  not  e £ P compare  pruned(G  — e)  with 
pruned{G).  If  they  do  not  have  the  same  number  of  2- blocks,  then  e ^ P.  This  is 
because  P is  3-connected.  If  they  do  have  the  same  number  of  2-blocks,  the  pruned 
centers  are  isomorphic  if  and  only  if  e ^ P.  Note  that  these  comparisons  are  possible 
because  the  pruned  graph  and  pruned  center  of  G are  reconstructible  by  paragraph 
(1)  above. 

(3)  For  any  complement  edge  reconstruction  /f  of  G it  may  be  assumed  without 
lose  of  generality  that  H C\T  = G C\T. 

A branch  P of  G is  a maximal  subgraph  of  G that  contains  exactly  one  vertex  of 
the  pruned  center  P,  called  the  root  of  B.  A branch  B is  called  a rooted  branch  if 
the  root  of  B is  labeled.  (For  example  the  root  can  be  labeled  by  coloring  it  blue.) 
Hereafter,  branch  will  always  mean  rooted  branch. 

To  prove  statement  (3)  assume,  without  lose  of  generality,  that  the  graph  H is 
obtained  from  G — e,  where  e € Q,  by  adding  back  an  edge  somewhere  in  the  pruned 
center  of  G — e.  Note  that  paragraph  (2)  above  implies  that,  whether  or  not  e 6 (^,  is 
determined.  Hence  the  set  of  branches  of  H and  G are  the  same.  T«ike  complements 
to  obtain  H C\T  = G C\T. 
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(4)  For  each  full  graph  F C the  number  of  copies  ta{F)  is  uniquely  determined 
by  the  set  {G  + e}. 

It  was  shown  in  paragraph  (2)  above  that  {G  + e|e  € Q}  is  determined  by 
{G  + e}.  We  now  show  that  ta{F)  is  determined  by  {G  + e | e 6 Q].  The  argument 
in  paragraph  (3)  above  shows  that  the  set  of  branches  of  ^ can  be  recognized  from 
each  G — e where  e £ Q.  Therefore  G f]T  can  be  recognized  in  each  G + e,  which 
means  that  whether  or  not  a subgraph  F'  of  G + e contains  all  the  edges  in  G D T 
and  satisfies  F'  = F with  G D T corresponding  G D T is  determined.  Also  a subgraph 
of  G + e can  contain  no  other  edges  of  T besides  G fl  T because  e C S.  Hence 
whether  or  not  a subgraph  of  G + e is  a copy  of  F can  be  recognized. 

Let  H he  a.  complement  edge  reconstruction  of  G.  We  must  show  that  H and  G 
are  isomorphic.  For  any  full  graph  F C G,  we  have  e(F)  = e(F  D Qa)  < £(Qg)  < 
2 ~ = ^{Qh)^  the  last  equality  because  Qq  = P = Qjj. 

Therefore  the  denominators  in  Equations  (1)  and  (2)  of  Section  2 are  not  zero.  It  will 
be  proved  by  induction  on  e(F  D Qg)  that  s(F,  H)  = s(F,  G).  When  e(F  D Qa)  = 0, 
we  have  s(F,  H)  = s(F,  G)  = 1 since  HOT  = GflT  by  paragraph  (3)  above.  Assume 
that  s(F,  H)  = s(F,  G)  for  all  full  F C G with  e(F  (“1  Q)  < A:.  Then  for  F with 
e(FnQ)  = k,  we  have  s(F—e,  H)  = s{F—e,  G)  for  all  F— e € [F— e]  by  the  induction 
hypothesis.  Also  ta{F)  is  uniquely  determined  by  the  set  {G  + e}  by  paragraph  (4) 
above,  hence  tniF)  = ta{F).  Theorem  2.1  now  yields  s{F,H)  = s(F,G)  for  any  full 
F C G.  Take  F = G to  obtain  s{G,H)  = s(G,  G)  > 1.  Hence  G = H,  that  is, 
G = G'  is  complement  edge  reconstructible. 

REMARK.  In  the  proof  of  Theorem  2.2,  all  that  is  tictually  assumed  about  the 
pruned  center  is  that  F — e is  2-connected  for  any  edge  e 6 F.  In  this  sense  the 
condition  that  F be  3-connected  can  be  reduced. 
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Theorem  2.3.  If  G'  = (-4,  B)  is  a 2-edge-connected  bipatrtite  graph,  then  G'  is 
edge-reconstructible  if  e{G')  > ^u{A)u{B). 

Proof.  We  will  prove  that  G'  is  complement  edge  reconstructible  by  applying 
Theorem  2.1  to  G = G'.  In  this  case  G = {A,  B)  is  a bipartite  graph.  Let  S be  the 
complete  bipartite  graph  consisting  of  all  edges  between  A and  B.  Then  Q = GO  S 
and  Q = G C\  S = G.  Denote  m = u{A)  and  n — u{B).  Let  H he  a,  complement 
edge  reconstruction  of  G,  that  is  {H  -|-  e}  = {G  -|-  e}.  For  any  e G G the  bipartite 
graph  G — e is  connected.  Therefore  the  bipartition  (A,  B)  of  G is  determined  by 
G — e € {G  — e}.  Hence  any  reconstruction  H of  G must  be  bipartite.  Without  loss 
of  generality,  it  may  be  assumed  that  H is  obtained  by  adding  an  edge  to  G — e, 
and  hence  H must  have  the  same  bipaxtition  as  G.  Therefore  GnT  = /fnT  = 0, 
which  implies  that  H C\T  = G C\T.  Let  F be  any  full  subgraph  of  G.  Notice  that 
e{F)  = e{F  D Qa)  < eiQa)  = e{G  n S)  < ^ < e(G')  = £(^0)  = ^Qh),  the  last 
equality  because  Qq  = G,  Qjf  = H and  e(G)  = £{H).  Therefore  the  denominators 
in  Equations  (1)  and  (2)  of  Section  2 are  not  zero. 

We  next  show  by  induction  on  e{F  fl  Q)  that  s{F,H)  = s{F,G)  for  every  full 
subgraph  F of  G.  When  e{F  C\  Q)  = 0,  we  clearly  have  s{F,H)  = s{F,G)  = 1. 
Assume  that  s{F,  H)  = s{F,  G)  for  all  full  F in  G with  e(F  f)  Q)  < k.  Then  for 
any  full  graph  F C G with  e{F  D Q)  = k,  the  induction  hypothesis  implies  that 
•s(F  — e,B)  = s{F  — e,  G)  for  all  F — e € [F  — e].  To  show  s(F,  H)  = s(F,  G)  using 
Theorem  2.1,  we  need  only  show  that  ^g(F)  = ^//(F).  Since  {H  -j-  e}  = {G  -|-  e}, 
this  is  equivcilent  to  showing  that  the  total  number  of  copies  ta{F)  of  F in  the  set 
{G-l-e  I e € Qa}  is  uniquely  determined  by  {G-|-e  | e € Q]  = {G  + e}  (recall  Q = G ). 
Since  the  bipaxtition  (A,  B)  can  be  xecognized  in  each  G — e,  the  two  cliques  induced 
by  A and  B (whose  union  is  T = G (IT)  can  be  recognized  in  each  G-|- e.  Therefore, 
whether  or  not  a subgraph  F'  of  G -|-  e contains  G H T,  and  whether  or  not  F'  = F 
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with  G f\T  corresponding  to  G fl  T,  can  be  recognized.  That  is,  whether  or  not  F' 
is  a copy  of  F can  be  recognized.  Therefore,  ta{F)  is  uniquely  determined. 

It  has  been  shown  that  s{F,H)  = s{F,G).  Talce  F = G to  obtain  s{G,H)  = 
s{G,  G)  > 1.  Hence  G = H,  that  is,  G = G'  is  complement  edge  reconstructible. 


CHAPTER  3 
THE  MAIN  RESULT 

3.1  A Sketch  of  the  Proof  of  the  Main  Theorem 

Because  the  proof  of  the  main  theorem  is  somewhat  involved,  we  begin  with  a 
sketch. 

Main  Theorem  Let  G'  be  a graph  with  pruned  center  P.  If  e{P)  > \p{p  + 3), 
then  G'  is  edge  reconstructible. 

The  notation  G,  instead  of  G,  is  used  in  this  section  to  denote  a separable  graph, 
because  the  counting  formula  will  be  applied  to  the  complement  of  G and  this  will 
make  the  notation  consistent  with  Section  3.4.  The  counting  formula  counts  the 
number  s{F,G)  of  a certain  type  of  subgraph  of  G isomorphic  to  a given  graph  F. 
Using  the  counting  formula,  it  will  be  shown  that,  for  any  edge  reconstruction  H 
of  G and  any  given  subgraph  F of  G,  s{F,  G)  = s{G,  H).  Taking  F = G,  y/e  get 
s{G,H)  = s{G,G)  = 1,  which  implies  that  G = H and  hence  G = H,  thus  proving 
the  main  theorem. 

In  order  to  apply  the  counting  formula,  however,  certain  facts  must  be  verified. 
This  is  where  technical  difficulties  arise.  A subgraph  Q ofG  must  be  defined  with  the 
following  properties.  (1)  For  each  G — e,  whether  or  not  e ^ Q can  be  recognized.  (2) 
Q — e can  be  recognized  in  G — e when  e £ Q.  (3)  Q has  sufficiently  many  edges  so 
that  the  denominator  of  the  counting  formula  is  not  zero.  To  show  (1),  it  is  necessary 
to  prove  that  the  set  of  branches  of  G is  edge  reconstructible.  This  is  implied  by 
Theorem  3.2  in  Section  3.2.  To  guarantee  that  (2)  holds,  Q has  to  be  chosen  as  a 
very  special  subgraph  of  P.  If  we  simply  choose  Q = P as  in  Section  2.2  for  the  case 
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Figure  3.1.  A separable  graph  G. 

of  3-connected  pruned  center  P,  then  it  is  possible  that  Q — e is  not  recognizable  in 
G — e.  For  example,  in  Figure  3.1,  P is  the  subgraph  induced  by  {ui,  • • • , us}.  The 
edges  (ui,U3)  and  (UjVa)  are  indistiguishable  in  G — e,  where  e = (vi,t;2)-  Hence  it 
cannot  be  recognized  whether  ^ — e is  G—  {ui,u}  U(ui,  U3)  or  ^ — {ui,  u}  U (u,  V3).  In 
fact  the  situation  can  be  much  more  complicated.  In  Figure  3.2,  P is  the  subgraph 
induced  by  vertices  {l,---,27}.  Let  B\  be  the  subgraph  of  P induced  by  l,->*5, 
excluding  the  edge  (4,5).  If  we  simply  choose  to  be  P in  this  example,  then  in 
G — e,  Bi  — e and  the  subgraph  induced  by  ui,U2,«3,27,  which  is  a branch  of  G, 
are  indistinguishable.  Further,  if  we  try  to  avoid  this  problem  by  choosing  Q to  be 
P — {1,2, 3),  then  in  G — e',  Bi  and  B2  — e'  are  indistinguishable,  where  B2  is  the 
subgraph  of  P induced  by  7,  • • • 10  excluding  the  edge  (9, 10).  Thus  the  vertices  6, 7, 8 
have  to  be  excluded  from  Q too.  Similarly,  the  vertices  11,  • • • 13, 16,  • • • 18, 21,  • • • 23 
have  to  be  excluded  from  Q.  The  precise  definition  of  Q is  complicated.  The  primary 
step,  the  construction  of  a subgraph  C,  called  core  of  P,  is  discussed  in  Section 
3.3.  Lemma  8 in  Section  3.3  proves  that  Q has  sufficiently  many  edges  so  that  the 
denominator  of  the  counting  formula  is  not  zero. 

3.2  The  Reconstruction  of  the  Set  of  Rranr.hes 

In  1969,  Greenwell  and  Hemminger  [5]  proved  that,  for  a separable  graph  G,  the 
set  is  reconstructible  if  there  is  a 1-vertex  v such  that  G — v has  at  least  two 
branches  with  1-vertices.  To  obtain  the  main  results  in  Section  6,  Greenwell  and 
Hemminger’s  result  on  the  reconstruction  of  must  be  extended.  This  is  done  in 
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Theorem  3.2  below.  Throughout  this  section,  a 2-block  is  always  non-trivial  unless 
otherwise  stated. 

Lemma  3.1.  Let  G be  a 2-connected  graph,  not  a cycle,  and  let  u,  u 6 V{G).  Then 
either  (1)  there  is  a vertex  w ^ u,v  such  that  G — w contains  at  most  one  1-vertex 
and  exactly  one  2-block  and  u is  in  this  2-block;  or  (2)  G is  obtained  from  a cycle 
containing  t;  by  adding  an  edge  between  the  two  neighbors  of  v. 

Proof.  It  is  not  hard  to  show  that  any  2-connected  graph  G can  be  constructed 
in  stages:  Go  C Gi  C . . . C Gm  = G,  where  Go  is  a cycle  containing  u and  v,  and 
G,+i  = Gi  U pi+i  for  a path  p,+i  where  G,-  H is  exactly  the  endvertices  of  p,+i . 
Moreover  G,-  is  2-connected  for  each  i.  Consider  two  cases. 

Case  1.  All  paths  pi,pi, . . .pm  are  single  edges.  Then  G consists  of  a single  cycle 
Go  with  chords.  A chord  divides  the  cycle  Go  into  two  arcs  A and  B;  say  u E A.  Call 
a chord  minimal  if  there  exists  no  other  chord  with  both  endvertices  on  B.  Since  G 
is  not  a cycle  there  exists  a minimal  chord.  Choose  a minimal  chord  and  choose  w 
on  the  corresponding  circ  B adjacent  to  an  endvertex  of  B.  This  c«in  always  be  done 
such  that  condition  (1)  of  the  lemma  is  satisfied  unless  there  is  exactly  one  minimal 
chord  such  that  its  corresponding  arc  B has  length  2 and  vertex  v is  the  interior 
vertex  of  B,  in  which  case  the  condition  (2)  of  the  lemma  is  satisfied. 

Case  2.  One  of  the  paths  pi,pi,...pm  is  not  a single  edge.  Let  k be  the  largest 
integer  such  that  pk  is  a path  of  length  greater  than  1.  Then  pk+i,pk+2,  •“  iPm  are 
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all  single  edges.  Some  of  these  edges  may  be  chords  of  path  p*.  A chord  subtends 
an  ajc  B on  path  pk.  As  before  call  such  a chord  minimal  if  there  exists  no  other 
chord  with  both  endvertices  on  B.  Choose  w on  aji  arc  B corresponding  to  a minimal 
chord,  adjeicent  to  an  endvertex  of  B.  (If  pk  has  no  chords,  choose  w adjacent  to  an 
endvertex  of  pk.)  This  vertex  w ^ u,v  satisfies  the  conditions  of  the  lemma. 

Remark  The  conclusion  (2)  in  Lemma  3.1  implies  that  there  is  a tw  ^ u,u  such 
that  G — tu  is  a path.  In  fact,  w can  be  chosen  as  either  neighbor  of  v.  Note  also 
that  G — V is  a.  cycle  containing  u. 

A 2-block  that  has  only  one  cutpoint  in  pruned{G)  will  be  called  an  end-block  of 
G.  Pruned{G)  and  the  pruned  center  P of  G are  clearly  reconstructible  from  G — ar, 
where  x is  any  1-vertex  of  G.  The  next  result  states  that,  excepting  exceptional 
circumstances,  the  set  of  branches  of  graph  is  reconstructible. 

Theorem  3.2  The  set  of  branches  of  G is  reconstructible  unless  all  the  following 
hold:  (1)  G has  exactly  two  branches,  (2)  one  branch  contains  all  the  1- vertices  of  G, 
(3)  the  other  branch  contains  exactly  one  end-block,  and  (4)  the  pruned  center  of  G 
is  a vertex  or  an  edge. 

Proof.  Assume  that  G contains  a 1-vertex;  otherwise  G is  known  to  be  recon- 
structible [6.  Tahe  a,  G — x E {G  — x}  = {H  — x}  such  that  x is  a 1-vertex.  Such  a 
G — X can  be  recognized  from  {G  — u}  since  the  degree  sequence  is  reconstructible. 

The  proof  of  the  reconstructibility  of  the  set  of  branches  is  now  divided  into 
somewhat  technical  cases.  When  we  say  a case  is  “recognizable,”  we  mean  that  the 
class  of  graphs  covered  by  this  case  is  recognizable,  that  is,  the  property  determining 
the  case  is  reconstructible.  We  will  not  prove  the  recognizability  for  easy  cases. 

Case  1.  G contains  exax:tly  one  1-vertex  x. 

This  case  is  recognizable  since  the  degree  sequence  is  reconstructible.  Let  the 
vertex  adjacent  to  x be  r.  Without  loss  of  generality,  assume  that  r is  a vertex 
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on  pruned{G)-,  otherwise  the  unique  1-vertex  of  G — a:  must  be  r,  and  G can  be 
reconstructed  from  G — x by  adding  a vertex  x joined  to  r. 

Case  1.1.  G contains  exactly  one  2-block. 

In  this  case  pruned{G)  = P,  and  the  graph  G has  only  one  branch,  which  is  the 
edge  rx. 

Case  1.2.  G contains  more  than  one  2-block  and  r is  on  an  end-block,  denoted 
D,  of  pruned{G)  but  r is  not  the  cutpoint  of  D in  pruned{G). 

Assume  that  pruned{G)  has  at  least  three  2-blocks.  Otherwise,  the  case  is  ex- 
cluded from  Theorem  3.2.  To  show  this  case  is  recognizable,  it  is  first  shown  that, 
from  the  graph  G — r,  which  can  be  recognized  in  {G  — u}  as  the  only  graph  that 
contains  an  isolated  vertex,  whether  r is  in  an  end-block  and  is  not  a cut-point  of 
pruned{G),  is  recognizable.  First,  r is  a cut-point  of  pruned{G)  if  tind  only  if  G — r 
has  more  than  one  non-trivial  (that  is,  not  an  isolated  vertex)  connected  component. 
Hence,  whether  or  not  r is  a cut-point  of  pruned{G)  is  recognizable.  Next,  assuming 
that  r is  not  a cut-point  of  pruned{G),  we  will  show  that,  whether  or  not  r is  in 
an  end-block,  is  recognizable  from  G — r.  Define  a matching  process  between  the 
end-blocks  of  pruned{G)  and  the  end-blocks  of  pruned{G  — r)  as  follows.  Match  each 
end-block  of  pruned{G)  with  an  isomorphic  end-block  of  pruned{G  — r).  There  are 
possibly  end-blocks  of  pruned(G—r)  with  tree-growth  rooted  on  a vertex  which  is  not 
a cut-point  in  pruned(G  — r).  A tree-growth  is  a maximal  connected  subgraph  that 
has  exactly  one  vertex  in  common  with  pruned{G)).  Exclude  these  end-blocks  from 
the  matching  process.  The  matching  starts  from  the  largest  end-block  of  pruned{G) 
and  proceeds  to  the  smallest  one.  Observe  the  following  two  facts:  (1)  If  r is  not 
in  any  end-block,  then  all  end-blocks  of  pruned[G)  are  matched  to  end-blocks  of 
pruned{G  - r),  although  pruned{G  - r)  may  have  end-blocks  left  unmatched.  (2)  If 
r is  from  an  end-block  B',  then,  during  the  matching  process  defined  above,  there 
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will  be  an  end-block  D"  = D'  (possibly  D*'  = D'),  such  that  there  is  no  end- block  of 
pruned{G  — r)  left  to  match  D".  From  the  above  observations,  it  can  be  seen  that, 
whether  or  not  r is  on  an  end-block,  is  recognizable.  Hence  Case  1.2.  is  recognizable. 

The  above  argument  also  shows  that  the  2-block  D is  reconstructible.  In  faet,  for 
the  graph  G — r,  where  r is  on  an  end-block  but  r is  not  a cutpoint  of  pruned(G), 
the  first  unmatched  end-block  D'  of  pruned{G)  must  be  isomorphic  to  D. 

Let  u be  the  cutpoint  of  D in  pruned{G).  We  now  show  that  D,  with  u and 
r labeled,  is  reconstructible.  Let  Di  ^ D be  an  end-block  of  G and  let  «i  be  the 
cutpoint  on  Di.  By  the  remark  following  Lemma  3.1,  there  is  a tn  G ^ «i, 

such  that  D\  — w contains  only  one  2-block,  or  — tn  is  a path.  There  are  four 
possibilities. 

(i)  D\  — w contains  only  one  2-block  which  contains  ui. 

First,  it  is  showed  that  we  can  choose  a w'  so  that  D\  — w'  contains  no  path  or 
contains  a path  of  length  at  least  two  if  we  do  not  insist  that  D\  — w'  contain  only 
one  2-block.  \i  D\  — w contains  no  pendant  edge  (which  is  an  edge  incident  with  a 
1-vertex),  then  choose  w to  be  w'.  Assume  that  D\  — w contains  a pedant  edge.  If 
da{w)  ^ 2,  we  can  choose  the  1-vertex  w\  of  this  pendant  edge  as  w'.  If  da{w)  = 2, 
then  let  W2  ^ Wi  be  the  other  neighbor  of  w.  In  G — W2,  iw  is  a 1-vertex  on  a path 
of  length  two.  We  can  choose  tU2  as  w'  if  there  is  no  path  of  length  one  in  G — W2. 
Otherwise  let  W3  be  a 1-vertex  on  a path  of  length  one  in  G — W2  and  choose  W3  as 
w'.  Now  G — w'  contains  no  pendant  edge.  So  in  G — w',  the  only  end-block  with  a 
pendant  edge  rooted  on  it  must  be  D.  Hence  consider  & G — w'  that  has  only  one 
end-block  containing  a root  of  a pendant  edge,  and  that  end-block  has  exactly  i/{ D) 
vertices.  This  end-block  must  be  D.  Hence  Zl,  with  u and  r labeled,  is  reconstructed. 

(ii)  Dj  — u;  is  a path  of  length  at  least  two.  Again,  D,  with  u and  r labeled,  can 
be  recognized  from  G — w. 
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Let  D2  ^ D he  & 2-block  adjacent  to  D\.  Note  that  such  a D2  exists  since 
pruned{G)  has  at  least  three  2-blocks. 

(iii)  Di  —w  is  an  edge,  that  is,  Di  is  a triangle;  D2  is  not  an  end-block  oiG  — w 
or  D2  is  an  end-block  oi  G — w but  D\  — w is  rooted  on  the  cutpoint  of  D2  in 
pruned{G  — w). 

In  this  case,  D with  u and  r labeled,  can  be  recognized  form  G — w. 

(iv)  Dx  ~ is  an  edge,  that  is,  Di  is  a triangle;  D2  is  an  end-block  oi  G — w]  and 
Di  — w is  not  rooted  on  the  cutpoint  of  D2  in  pruned[G  — w). 

Consider  the  following  two  cases,  (a)  If  D2  = D,  with  the  root  oi  D\  — w (de- 
noted «i)  corresponding  to  r,  and  the  cutpoint  of  D2  in  pruned{G  — w)  (denoted  u') 
corresponding  to  u,  then  D,  with  u and  r labeled,  can  be  recognized  from  G — w,  up 
to  isomorphism. 

(b)  If  the  above  isomorphism  does  not  exists,  then  G is  reconstructible,  which  can 
be  proved  as  follows.  Let  H he  & reconstruction  of  G.  Without  lose  of  generality, 
assume  that  H is  obtained  from  G — w hy  adding  to  it  the  vertex  w and  two  edges 
incident  to  w.  We  can  either  let  w join  the  two  vertices  of  D\  — tv,  in  which  case 
G = H,  or  lei  w join  x and  r,  in  which  case  we  will  prove  pruned(G)  ^ pruned(H) 
and  get  a contradiction  since  pruned{G)  is  reconstructible.  Note  that  D is  not  a 
triangle;  otherwise,  since  we  have  to  have  G — r = H — Ui  (which  are  the  only  graphs 
containing  isolated  vertices  in  {G  — e}  and  {H  — e},  respectively),  D2  must  be  a 
triangle.  This  contradicts  the  assumption  that  (a)  is  not  the  case.  Similarly,  D2  is 
not  a triangle.  Define  a pair  of  outer-blocks  (Bi,B2)  to  be  a subgraph  oi  G (or  H) 
consisting  of  an  end-block  B\  and  a 2-block  B2  (trivial  or  non-triviaJ)  that  contains 
exactly  two  outpoints  in  pruned{G),  one  between  Bi  and  B2  and  the  other  on  B2. 
Two  pairs  of  outer-blocks  {B\,  B2)  and  {B^,  B'2)  are  isomorphic  if  there  is  an  isomor- 
phism between  {B\,B2)  and  {B[,B'2)  such  that  outpoints  of  [B\,B2)  correspond  to 
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the  outpoints  of  Assume  the  number  of  pairs  of  outer- blocks  isomorphic  to 

(Z>i,  £>2)  in  G is  k.  Then  the  number  of  pairs  of  outer-blocks  isomorphic  to  (£>i,  £>2) 
in  H must  be  — 1 for  the  following  reasons:  (1)  Since  (a)  is  not  the  case,  (Di,D2) 
in  G is  not  isomorphic  to  (£>',  D)  in  H,  where  D'  is  the  triangle  xrw  in  £f;  (2)  D2 
cannot  be  in  a pair  of  outer-blocks  in  H that  is  isomorphic  to  (£)i,£>2)  since  Di  is 
a triangle  while  D2  is  not.  Hence  we  have  shown  that  pruned{G)  ^ pruned{H),  a 
contradiction.  We  have  now  shown  that  G is  reconstructible  in  case  (b). 

Having  proved  that  D,  with  r and  u labeled,  is  reconstructible,  we  now  proceed  to 
show  that  G is  reconstructible.  Lemma  3.1  and  the  remaxk  following  it  guarantee  the 
existence  of  a,  w £ D,w  u,r  such  that  either  D — w contains  exactly  one  2-block 
which  contains  u or  D — w is  a.  path.  Therefore  we  can  always  find  a connected  graph 
G — w in  {G  — u}  satisfying  one  of  the  following  two  sets  of  conditions:  (1)  The 
number  of  2-blocks  in  G and  G — w axe  the  same;  there  is  a unique  2-block  £)'  of 
G — w such  that  all  the  tree-growths  are  rooted  on  D'  and  D'  is  a proper  subgraph  of 
D ; (2)  The  number  of  2-blocks  in  G — lu  is  one  less  than  the  the  number  of  2-blocks 
in  G,  and  there  is  tree-growth  T in  G — w containing  all  1-vertices.  If  (1)  is  the 
case,  then  G can  be  reconstructed  from  G — u;  by  replacing  D*  and  all  tree-growth 
rooted  on  it  with  D and  the  edge  rx  rooted  on  D.  If  (2)  is  the  case,  then  G can  be 
reconstructed  from  G — w hy  replacing  T with  D and  the  edge  rx  rooted  on  D.  In 
either  case,  G is  reconstructible. 

Case  1.3.  G contains  more  than  one  2- block  and  r is  not  on  einy  end-block  other 
than  being  a cutpoint  of  an  end-block. 

A vertex  of  a tree  is  peripheral  if  it  is  an  end  of  a longest  path.  An  end-block  of  G 
is  a peripheral-block  if  it  corresponds  to  a peripheral  vertex  of  the  block-cutpoint  tree 
of  pruned{G).  Take  a peripheral- block  D such  that  D intersects  the  least  number 
of  other  peripheral-blocks,  and  D has  the  least  number  of  vertices  eimong  all  such 
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peripheral- blocks.  Let  the  cutpoint  on  D be  u,  and  let  the  number  of  peripheral- 
blocks  containing  it  be  n„.  Note  that  the  n„  and  v{D)  are  reconstructible,  because 
pruned{G)  is  reconstructible.  When  D is  not  a cycle,  Lemma  3.1  and  the  remark 
following  it  states  that  there  is  a u;  € D such  that  D — w contains  only  one  2-block 
which  contains  u.  When  D is  a cycle,  there  is  & w £ D such  that  D — w is  & path 
. Therefore  we  can  find  aG  — luMn  {G  — u}  satisfying  one  of  the  four  following 
conditions:  (1)  (corresponding  to  the  case  that  D is  not  a cycle)  G — w'  contains  a 
cutpoint  u'  that  belongs  to  exactly  peripheral-blocks,  and  among  these  peripheral- 
blocks  there  is  one,  denoted  B,  having  less  than  iy{D)  vertices;  (2)  (corresponding  to 
the  case  that  D is  a cycle  and  > 2)  G — u;'  contains  a cutpoint  u'  that  belongs  to 
exactly  — 1 > 0 peripheral-blocks  and  there  is  a path  of  length  t'(-D)  — 2,  denoted 
B,  rooted  on  u';  (3)  (corresponding  to  the  case  that  D is  a cycle,  n„  = 1 and  the 
2-block  adjacent  to  D is  non-trivial)  G — w'  contains  a path  of  length  v{D)  — 2, 
denoted  5,  with  its  root  u'  on  an  end-block,  but  u'  is  not  a cutpoint  of  this  end-block 
in  pruned(G);  (4)  (corresponding  to  the  case  that  D is  a.  cycle,  = 1,  and  the 
2-block  adjacent  to  D is  an  edge)  G — w'  has  a tree-growth  T containing  a path  of 
length  at  least  v{D)  — 1. 

If  (1)  is  the  case,  then,  since  v{D)  is  reconstructible,  B,  having  fewer  vertices 
than  D,  is  not  a peripheral-block  of  pruned{G).  There  is  a bijection  between  the 
set  of  peripheral-blocks  of  pruned[G)  and  the  set  of  peripheral-blocks  of  pruned(G  — 
w')  such  that  all  pairs  of  corresponding  peripheral-blocks  except  one  pair,  denoted 
(D',B),  are  isomorphic  with  cut-point  corresponding  to  cut-point  under  the  isomor- 
phism. Since  pruned{G)  is  reconstructible,  G can  be  reconstructed  from  G — tu', 
by  replacing  B and  the  path  p rooted  on  B (if  there  is  such  a path)  by  O'.  If  (2) 
is  the  case,  compare  the  set  of  2-blocks  of  pruned{G  - w')  with  the  set  of  2-blocks 
of  pruned{G).  Let  D'  be  the  peripheral-block  of  pruned(G)  that  is  missing  from 
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pruned{G  — w).  Now  G can  be  reconstructed  from  G — in'  by  replacing  B by  D\ 
If  (3)  is  the  case,  then  B can  always  be  distinguished  from  rx  since  r is  not  on  any 
end-block  other  than  being  a cutpoint  of  an  end-block.  Hence  G can  be  reconstructed 
from  G — in'  by  replacing  H by  a block  D'  exactly  as  in  cases  (1)  and  (2).  Fin<dly,  if 
(4)  is  the  case,  let  T be  the  unique  tree-growth  in  G — in'  containing  a path  of  length 
at  least  v{D)  — 1.  There  is  a 1- vertex  y of  G — in'  which  is  a peripheral  vertex  of  T. 
Now  G can  be  reconstructed  by  replacing  a path  of  length  v{D)  — 2 containing  y by 
a cycle  of  length  v{D). 

Case  2.  G contains  more  than  one  1-vertex,  all  1-vertices  in  the  same  branch  B. 

Case  2.1.  pruned{G)  = P,  that  is,  G contains  only  one  2-block  and  B itself  is  a 
tree. 

To  show  that  Case  2.1.  is  recognizable,  it  is  sufficient  to  show  that  the  following  is 
recognizable:  all  the  1-vertices  are  in  the  same  brcinch.  This  Ccin  be  shown  as  follows. 
If  G has  exactly  two  1-vertices,  x and  y,  and  both  G — x and  G — y contains  an  edge 
as  the  unique  branch,  then  1-vertices  are  not  in  the  same  branch.  Otherwise  all  the 
1-vertices  axe  in  the  same  branch  if  and  only  if,  in  every  G — x where  x is  a 1-vertex, 
all  1-vertices  axe  in  the  same  branch. 

To  show  that  the  branch  B,  with  root  labeled,  is  reconstructible,  let  the  root  of 
B be  u.  If  P is  a cycle,  then  G is  a cactus  which  is  reconstructible  [8]  . If  P is  not  a 
cycle,  by  Lemma  3.1  and  the  Remark  following  it,  there  is  vertex  w € P,  such  that 
P — w contains  at  most  one  1-vertex  and  contains  only  one  2-block  which  contains  u. 
Hence  there  must  be  a G — in  in  the  set  {G  — u}  satisfying  the  following  conditions: 
(1)  in  € P;  (2)  G - in  contains  exactly  one  2-block;  (3)  G - in  contains  a branch  B' 
which  is  a tree-growth  and  contains  at  least  two  1-vertices.  (It  is  possible  that  G-in 
contains  another  branch  which  is  a path  and  may  or  may  not  share  the  same  root 
with  B . But  B can  always  be  recognized  in  G — in'  as  the  only  branch  containing 
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at  least  two  1- vertices.)  The  B'  in  G — w is  the  B in  G.  Note  that  the  conditions 
(1),  (2)  and  (3)  can  be  recognized  since  P is  reconstructible.  From  any  graph  G — w 
satisfying  (1),  (2)  and  (3),  the  branch  B can  be  reconstructed  since  B'  = B. 

Case  2.2.  G contains  more  than  one  2-block. 

To  show  that  this  case  is  recognizable,  it  is  sufficient  to  show  that  the  property 
that  aJl  the  1-vertices  are  in  the  same  branch  is  recognizable.  Consider  the  case  that 
G contains  more  then  two  1-vertices,  or  contains  exactly  two  1-vertices  such  that  one 
of  them  is  adjacent  to  a 2-vertex.  Then  all  the  1-vertices  of  G are  in  the  same  branch 
if  and  only  if  in  each  G — x £ {G  — u},  where  a:  is  a 1-vertex,  all  the  1-vertices  of 
G — X are  in  the  same  branch.  On  the  other  hand,  assume  that  G contains  exactly 
two  1-vertices,  denoted  by  x and  y,  and  neither  of  them  is  adjacent  to  a 2-vertex. 
If  both  X and  y are  adjacent  to  a vertex  v,  not  in  pruned(G),  then  x and  y are  in 
the  same  branch.  And  this  case  can  be  recognized  from  G — v,  since  G — v contains 
exactly  two  isolated  vertices  and  pruned(G)  = pruned(G  — v).  If  both  x and  y are 
adjacent  to  vertices  of  pruned(G),  then  the  discussion  is  divided  into  three  cases. 

(1)  At  least  one  of  x and  y is  adjacent  to  a vertex  of  the  pruned  center.  In  this 
case,  by  definition,  x and  y are  in  different  branches.  This  case  holds  if  and  only  if, 
for  some  G — v € {G  — u}  where  w is  a 1- vertex,  there  is  a 1- vertex  rooted  on  the 
pruned  center. 

In  cases  (2)  and  (3),  assume  that  no  1-vertex  is  rooted  on  the  pruned  center. 

(2)  Both  pendant  edges  are  rooted  on  an  end-block  D,  but  not  on  the  cutpoint  u 
of  D in  pruned(G). 

In  this  case,  the  two  1-vertices,  x and  y,  are  clearly  on  the  same  branch.  This 
case  can  be  recognized  as  follows. 

(i)  If  (2)  is  the  case,  then  the  unique  pendant  edge  in  G — x is  rooted  on  an  end- 
block  Dx,  but  not  on  the  cutpoint  of  Dx  in  pruned[G)',  in  G — y,  the  unique  pendant 
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edge  is  rooted  on  an  end-block,  Dy,  but  not  on  the  cutpoint  of  Dy  in  pruned{G)‘,  and 

^ Dy. 

(ii)  Conversely  if  G is  a graph  satisfying  all  conditions  described  in  (i),  then  (2) 
is  not  the  case  for  G if  and  only  if  there  is  w,  such  that  G — w has  an  isolated  vertex 
and  contains  a 2- block  D'  = Dx,  and  there  is  a pendant  edge  rooted  on  O'  but  not 
rooted  on  its  cutpoint  in  pruned{G  — w). 

(3)  Neither  x nor  y is  adjacent  to  vertices  of  P,  and  there  is  no  end- block  D 
such  that  both  x and  y are  adjacent  to  vertices  of  D other  than  its  cut-point  in 
pruned{G).  In  this  case,  whether  or  not  all  the  1- vertices  are  in  the  same  branch, 
can  be  recognized  as  follows. 

(i)  Let  X and  y be  in  the  same  branch  B,  and  let  D be  any  end-block  of  G in 
B.  Let  the  cutpoint  of  D in  pruned(G)  be  u,  and  let  u G D,  u u,  be  a root  of 
a pendant  edge,  if  such  a root  exists  in  D.  Lemma  3.1  and  the  Remark  following 
it  guarantees  that  there  is  w £ D,w  ^ u,  v,  such  that  D — w has  only  one  2-block 
which  contains  u,  ov  D — w is  a,  path.  G — w contains  no  isolated  vertex  and,  in 
G — u;,  all  the  1-vertices  are  in  the  same  branch,  although  the  pruned  center  of  G — 1« 
and  G may  be  different. 

(ii)  On  the  other  hand,  if  x and  y are  in  different  branches  of  G,  then,  for  any 
end-block  D of  G,  by  Lemma  3.1  and  the  remark  following  it,  there  is  a.  w E D,  where 
w is  neither  the  cutpoint  of  D in  pruned{G),  nor  a vertex  joining  x or  y,  such  that 
G — w satisfies  the  following  conditions:  (a)  G — w contains  no  isolated  vertex;  (b) 
either  D — w has  exactly  one  2-block  which  contains  the  cutpoint  of  D in  pruned{G), 
OT  D — w is  a path.  For  any  such  D and  w,  there  is  a pair  of  1-vertices  in  G—w  that  lie 
in  different  branches.  (Recall  that  no  1-vertex  is  adjacent  to  a vertex  of  pruned{G).) 

From  observations  (i)  and  (ii),  we  conclude  that  all  1-vertices  of  G are  in  the  same 
branch  if  and  only  if  there  is  a connected  graph  (no  isolated  vertex)  G — w G {G-y} 
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satisfying  the  following  conditions:  (1)  ly  is  on  an  end- block  D of  G]  (2)  D — w 
has  only  one  2-block  which  contains  the  cutpoint  of  D in  pruned{G),  or  D — w is 
a path;  (3)  all  the  1-vertices  of  G — ly  are  in  the  same  branch.  Hence  Case  2.2  is 
recognizable,  provided  that  whether  or  not  a connected  graph  G — w satisfies  the 
following  conditions  (a)  or  (b)  is  recognizable:  (a)  ty  is  on  ein  end-block  D of  G,  such 
that  D — w has  only  one  2-block  which  contains  the  cutpoint  of  D in  pruned{G)] 
(b)  ly  is  on  an  end-block  D of  G and  D — w is  a,  path.  Now  G — w satisfies  (a)  if 
and  only  if  block(pruned{G  — w)),  the  block-cutpoint  tree  of  pruned(G  — w),  is  equal 
to  block{pruned(G)),  and  the  set  of  end-blocks  of  G — ty  is  not  equal  to  the  set  of 
end-blocks  of  G.  And  G — w satisfies  (b)  if  and  only  if  block(pruned{G  — ty))  C 
block(pruned{G))  and  the  number  of  1-vertices  plus  the  number  of  isolated  vertices 
in  G — ly  is  at  most  one  more  than  the  number  of  1-vertices  of  G.  Hence  whether  or 
not  a connected  graph  G — ly  satisfies  the  condition  (a)  or  (b)  is  recognizable. 

This  concludes  the  proof  that  Case  2.2  is  recognizable.  To  show  that  the  set  of 
branches  is  reconstructible,  it  is  sufficient  to  show  that  B is  reconstructible,  since  all 
other  branches  can  be  reconstructed  from  G — a:,  where  x is  a 1-vertex.  Case  2.2  is 
now  divided  into  four  subcases  which  can  be  recognized  by  observing  a G — x,  where 
X is  a 1-vertex. 

Case  2.2.1.  B contains  a peripheral-block,  and  G contains  at  least  three  branches 
or  contains  exactly  two  branches  B and  Bi,  where  Bi  contains  at  least  two  end-blocks. 

Let  {G  — ly  I Pq-w  = P},  where  Pq-w  is  the  pruned  center  of  G — ly.  Note 
that  whether  or  not  G — w and  G have  the  same  pruned  center  can  be  recognized  by 
comparing  the  longest  paths  in  their  block-cutpoint  trees  and  then  comparing  their 
pruned  centers.  For  any  G - ty  6 {G  - ty  | Pq-^  = P},  denote  by  Byj  the  the 
unique  branch  of  G — ty  containing  at  least  two  Tvertices,  if  such  a branch  exists. 
Choose  a ty  so  that  B^  is  maximum  (with  respect  to  number  of  vertices)  in  the  set 
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{B^  I Pq-w  = P}-  To  show  that  there  exists  a w such  that  Pg-w  = P and  that 
exists,  choose  w as  follows.  Let  D he  a non-peripheral  end-block  not  in  B,  or,  in 
case  all  the  end-blocks  not  in  B are  peripheral,  let  D he  a peripheral-block  not  in  B. 
Let  the  cut-point  of  D in  pruned{G)  be  u and  let  u;  ^ u be  a vertex  of  D such  that 
D — w contains  only  one  2-block  which  contains  u ot  D — w is  a path.  For  this  to, 
G — w satisfies  the  above  requirement.  Now  the  unique  branch  of  G — to  containing 
at  least  two  1-vertices  must  be  B,  and  thus  B is  reconstructed. 

Case  2.2.2.  B does  not  contain  a peripheral-block. 

In  this  case,  G has  at  least  three  branches.  Let  D be  peripheral-block;  let  u be 
the  cut-point  of  D in  pruned[G)\  and  let  to  ^ u be  a vertex  of  D such  that  D — w 
contains  exactly  one  2-block  which  contains  it  or  D — to  is  a path.  That  such  a 
G — to  is  recognizable  can  be  proved  as  follows:  As  shown  in  the  last  part  of  the 
discussion  on  Case  2.2-(3)-(ii),  whether  or  not  to  is  in  an  end-block  D such  that 
D — w contains  only  one  2-block  which  contains  its  cut-point  u (in  pruned{G))  or 
D — to  is  a path  is  recognizable.  Hence  it  only  remains  to  prove  that,  whether  or  not 
D is  peripheral,  can  be  recognized.  This  is  done  by  comparing  block{pruned{G  — w)) 
with  block(pruned{G))  and,  in  case  they  are  the  same,  by  further  comparing  the  set 
of  peripheral-blocks  of  G - to  with  the  set  of  peripheral-blocks  of  G. 

Now  the  branch  B can  be  reconstructed  as  follows.  Let  the  unique  branch  of 
G - to  containing  at  least  two  1-vertices  be  Bi.  Then  Bi  must  contain  B.  This  fact, 
along  with  the  uniqueness  of  Bi,  can  be  proved  by  a routine  check  of  the  following 
two  cases:  (a)  there  are  more  than  two  branches  of  G containing  peripheral-blocks; 
(b)  there  are  exactly  two  branches  of  G containing  peripheral-blocks.  To  locate  B 
in  Bi,  let  x be  a 1-vertex  and  let  5 — x be  the  unique  branch  of  G — x containing 
a 1-vertex.  Define  an  embedding  / : V{B  — x)  — ♦ V(B\)  (which  is  an  isomorphism 
between  the  graph  B — x and  a subgraph  of  Bi)  such  that  (i)  if  b is  the  root  of 
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B — X,  then  f{b)  is  adjacent  to  a vertex  not  in  V{f{B  — x));  (ii)  there  is  a vertex 
of  f{B  — x)  adjacent  to  a 1-vertex  in  V{B\)  — V{f{B  — x))  and  (iii)  all  the  other 
vertices  of  f{B  — x)  are  not  adjacent  to  any  vertex  not  in  V{f{B  — x)).  Now  f(b) 
must  be  the  root  of  B.  Hence  B is  located  in  Bi. 

Case  2.2.3.  G contains  exactly  two  branches  B and  Bi,  where  B\  contains  exactly 
one  end-block,  and  the  pruned  center  P is  a 2-block. 

Let  the  two  roots  of  B and  Bi  be  b and  bi,  respectively.  By  Lemma  3.1  and  the 
remaxk  following  it,  there  isaG  — u;  € {G  — u}  satisfying  the  following  condition 
(CO):  u)  G P,  in  / 6,  6i,  and  P — w contains  exactly  one  2-block  which  contains  b 
or  P — in  is  a path.  We  will  show  that  such  a,  G — w can  be  recognized  in  {G  — u}. 
Such  a G — in  must  satisfy  conditions  Cl  through  C6  that  follow.  Moreover  it  will  be 
shown  that,  first,  for  any  G — w'  £ {G  — n},  G — w'  satisfies  CO  if  and  only  if  G — in' 
satisfies  these  six  conditions,  and  second,  whether  or  not  G — w'  satisfies  these  six 
conditions  is  recognizable.  This  will  prove  that  whether  or  not  G — w satisfying  CO 
can  be  recognized  in  {G  — n}. 

Cl.  G - in  has  following  branches:  (1)  a branch  B'  that  contains  at  least  one 
(non-trivial)  2-block  and  at  least  two  1-vertices;  (2)  a branch  B[  that  does  not  share 
a common  vertex  with  B'  if  the  2-block  of  B[  containing  the  root  of  B[  is  non-trivial. 
In  addition  B[  contains  at  least  one  (non-trivial)  2-block,  at  most  one  1-vertex;  (3) 
possibly  a branch  which  is  a (non-trivial)  2-block  (the  unique  2-block  in  P - ly)  that 
has  its  root  in  common  with  P';  (4)  possibly  a branch  that  is  a path.  Moreover  G-w 
can  have  no  branch  other  than  those  mentioned. 

C2.  The  number  of  (non-trivial)  2-blocks  in  G — in  is  no  more  than  the  number 
of  (non-trivial)  2-blocks  in  G. 

C3.  0 < j/(P  ) — i^(P)  and  0 < *^(Pi)  ~ ^{Bi)  < *^(P)  — 2.  (Note:  The  reason  for 
u{P)  — 2 is  that  Bi  shares  a vertex  with  P and  w is  not  in  B[.) 
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C4.  Let  A:  — 1 be  the  number  of  2-blocks  (trivial  or  non-trivial)  in  a chain  (of 
2-blocks)  between  P and  a peripheral-block  in  G.  In  G — w,  there  is  a chain  C of  jfc 
2-blocks  (trivial  or  non-trivial)  containing  a peripheral-block  D in  B'.  {D  is  actually 
a peripheral-block  D in  B.)  Let  u be  a vertex  in  C such  that  the  distance  between  u 
and  the  pruned  center  of  G — u;  is  minimum.  (Here  u is  actually  6.)  Since  B contains 

1- vertices,  it  must  be  true  that  there  is  vertex  oiV{C  — u)  adjacent  to  a vertex  not 
in  G. 

C5.  \i  P — w contains  exactly  one  (non-trivial)  2-block,  then  u € G (as  described 
in  C4)  is  contained  in  a (non-trivial)  2-block  not  in  G. 

C6.  \iP  — w contains  no  (non-trivial)  2-block,  then  (a)  the  number  of  (non-trivial) 

2- blocks  in  G — u;  is  one  less  than  that  of  G;  (b)  the  number  of  1-vertices  in  G — tn 
and  G are  equal  or  the  number  of  1-vertices  in  G — iw  is  one  more  than  the  number 
of  1- vertices  in  G,  in  which  case  there  is  a path  rooted  at  6 or  6i. 

To  show  that  the  above  conditions  are  sufficient  for  G — iw  to  satisfy  the  condition 
CO,  we  will  show  that  if  a G — tn  satisfies  the  conditions  Cl  through  C6,  then  w € 
P,  w ^ b,  bi  and  P — w contains  exactly  one  2-block  which  contains  6,  or  P — w ia 
a path.  Observe  the  following  facts. 

(FI)  Assume  that  w is  not  in  P,  but  G-  in  satisfies  Cl  through  C4.  If  Pq-w  = P, 
then  we  have  u{B[)  - t/{Bi)  < 0 when  in  6 Pi,  and  i/{B')  - i/{B)  < 0 when  w e B, 
contradicting  C3.  Consider  the  case  Pa-w  ^ P.  If  m € Pi,  then  i/{B[)  - i/(Pi)  < 0 
or  n(P( ) - i/(Pi)  > u{P)  - 2,  contradicting  C3.  If  in  G P and  Pi  C P( , then  B[  must 
contain  P (note  that  P(  cannot  be  equal  to  Pi  since  Pq—w  P)t  contradicting  C3. 
If  in  € P and  Pi  C B',  take  Pi  to  be  the  chain  G and  take  the  root  of  Pi  (in  G)  to 
be  u.  There  is  no  vertex  of  F(G  — u)  adjacent  to  any  vertex  not  in  G,  contradicting 
C4. 
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(F2)  Assume  that  w ^ P and  that  G—w  satisfies  Cl  through  C6.  If  P—w  contains 
more  that  one  (non-trivial)  2-block,  then  G — w has  more  (non-trivial)  2-blocks  than 
G does,  contradicting  C2.  If  P — tn  contains  exactly  one  (non-trivial)  2-block,  then 
this  2-block  must  contain  b because  of  C5.  U P — w contains  no  2-block,  then  P — w 
is  a path  because  of  C6. 

We  now  show  that,  whether  or  not  a G—w  satisfies  Cl  through  C6,  is  recognizable. 
Whether  a G—w  satisfies  Cl  through  C4  is  clearly  recognizable.  To  show  that  whether 
a G—w  satisfies  C5  and  C6  is  recognizable,  it  is  sufficient  to  show  that  if  G—w  satisfies 
Cl  through  C4,  then  whether  or  not  G — w satisfies  C5  and  C6  is  recognizable.  This 
can  be  shown  as  follows:  As  shown  in  (FI),  u;  must  be  in  P.  Whether  P — w contains 
exa.ctly  one  (non-trivial)  2-block  or  no  (non-trivial)  2-block  can  be  recognized  by 
comparing  the  number  of  (non-trivial)  2-blocks  in  G — tw  with  the  number  of  (non- 
trivial) 2-blocks  in  G.  Now  b can  be  recognized  from  G — w as  follows.  In  G — w, 
consider  a chain  C of  k 2-blocks  (trivial  or  non-trivial)  containing  a peripheral-block 
D in  B'.  Then  b must  be  the  vertex  in  C such  that  the  distance  between  b and  the 
pruned  center  of  G - u;  is  minimum.  Similarly  bi  can  be  recognized  by  considering  a 
chain  C\  of  k 2-blocks  (trivial  or  non-trivial)  containing  a peripheral-block  Di  in  B[. 

Finally,  to  show  that  B is  reconstructible,  let  the  only  branch  containing  at  least 
two  1-vertices  in  G - u;  be  B\  This  B'  must  contain  B.  Exactly  as  in  Case  2.2.2,  B 
can  be  located  in  B'. 

Case  2.2.4.  G contains  exactly  two  branches  B and  B\,  where  B\  contains  exactly 
one  end-block,  and  the  pruned  center  P is  a vertex  or  an  edge. 

This  is  the  case  excluded  in  Theorem  3.2. 

3.  G contains  more  than  one  1-vertex,  not  all  in  the  same  branch.  Since  case 
2 is  recognizable,  so  is  case  3. 
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Let  0'  = {B\B  is  a.  branch  of  some  G — y where  y is  a 1- vertex  }.  The  following 
is  an  algorithm  to  obtain  0 from  0'. 

Initialize  m to  the  number  of  vertices  in  a largest  graph  in  0'.  Repeat  the  following 
procedure  until  m = 1. 

If  there  is  no  branch  of  m vertices  in  0\  then  m «—  m — 1. 

Let  5 be  a branch  with  m vertices  in  0'.  Cle£irly  B E 0- 

Let  0'  = 0'  — {B-y  I y is  1 — vertex  in  B}  — {(fc  — 1)B},  where  k is  the  number 

of  1 — vertices  not  in  B.  In  another  words,  k is  the  number  of  times  that  B 
repeats  in  0\ 

At  termination  we  clearly  have  0'  = 0. 

Since  the  set  {G  — e}  determines  the  set  {G  — u}  [17]  , a (vertex)  reconstructible 
property  or  parameter  is  also  edge  reconstructible.  Hence  the  following  is  a corollary 
of  Theorem  3.2. 

Corollary  3.3  The  set  of  branches  of  G is  edge  reconstructible  unless  all  the  follow- 
ing hold:  (1)  G has  exactly  two  branches,  (2)  one  branch  contains  all  the  1-vertices 
of  G,  (3)  the  other  branch  contains  exactly  one  end-block,  and  (4)  the  pruned  center 
of  G is  a vertex  or  an  edge. 

In  the  exceptional  case  of  Theorem  3.2  or  Corollary  3.3,  the  center  P must  be 
either  a vertex  or  an  edge.  This  provides  the  corollary  that  will  be  used  in  the  main 
theorem. 

Corollary  3.4  The  set  of  branches  and  the  pruned  center  P of  G are  edge  recon- 
structible if  P has  at  least  three  vertices. 
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3.3  Construction  of  the  Core 

In  this  section,  the  core  C of  the  pruned  center  P is  constructed.  Its  necessity  was 
explained  in  Section  3.1.  The  following  Lemma  3.5  will  be  used  in  the  construction 
of  C.  Denote  d = v{D). 

Lemma  3.5  Let  P be  a 2-connected  graph  with  e{P)  > Suppose  that  there 

exists  an  edge  e in  P such  that  P — e contains  more  than  one  2-block.  Then  there 
exists  a unique  2-block  D = De  in  P — e such  that  d > p/2  and  e[D)  > 

Proof.  The  assumption  e(P)  > implies  that  p > 6.  Note  that  P— e is  a chain 
of  2-blocks,  Di,  £>2,  • • • , Dm-  Assume,  by  way  of  contradiction,  that  t'(Di)  < p/2  for 
each  2- block  in  this  chain.  In  this  case,  we  claim  that  e{D)  < , a contradiction. 

It  is  not  difficult  to  show  that  e(P)  is  maximized  when  m = 2 and  D\,D2  axe  complete 
graphs  of  order  as  equal  as  possible.  In  any  case 

when  p > 4.  The  contradiction  shows  that  there  exists  a 2-block  D in  P — e such 
that  d > p/2.  Such  a D is  unique  since  d > p/2. 

Next  assume,  by  way  of  contradiction,  that  e{D)  < Again  e(P)  is  maxi- 

mized when  m = 2,  and  the  block  other  than  £>  is  a complete  graph.  Then 

£(P)  < (P-^+  1)(P  - ^ < PjP  + 3) 

a contradiction.  This  shows  that  e{D)  > 

For  a graph  P and  a subgraph  B of  P,  the  notation  P - E{B)  denotes  the  graph 
obtained  by  removing  from  P all  edges  of  B and  all  the  vertices  of  B that  are  not 
incident  with  any  edge  not  in  B.  From  now  on,  the  vertices  in  (P  — E{B))  D B will 
be  called  roots  of  B. 
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Now  define  the  subgraph  (7  of  P as  follows.  If  P — e contains  only  one  non-trivial 
2-block  for  all  e € P,  then  let  C = P.  If  there  is  an  edge  e € P such  that  P — e 
contains  at  least  two  non-trivial  2-blocks  then,  by  Lemma  3.5,  P — e contains  a 2- 
block  D'  = Dg  with  t'(P')  > p/2  and  e{D')  > ^v{iy){v{D')  -|-  3).  For  any  such 
D'  = Dg,  call  P — E{D')  a 2-branch  of  P.  In  this  case,  C is  defined  by  the  following 
somewhat  involved  procedure. 

Let  Bi  and  Bj  be  any  two  subgraphs  of  P,  disjoint  except  at  roots.  We  say  that 
Bj  lies  below  Bi  if  one  of  the  following  is  true.  Examples  appear  in  Figure  3.3. 

(A)  There  are  subgraphs  B^,  of  P,-,  where  P^  U P^  = P,-,  such  that  (a)  there 
is  an  edge  e G P^,  e incident  with  at  most  one  vertex  in  P — E(B^)  and  such  that 
Bj  = P^  — e with  the  the  roots  of  P^  corresponding  to  the  roots  of  Bj  under  the 
isomorphism;  (b)  there  is  an  edge  e'  6 P^  — P^  such  that  P*  is  isomorphic  to  P^  with 
the  roots  of  P^  in  P — e'  corresponding  to  the  roots  of  in  P^;  (c)  E(B^)  D E(B^)  ^ 0 
or  e'  is  incident  with  a vertex  of  P^  not  in  P — {E(B^)  U e'). 

(B)  There  is  an  edge  e € Pi,  such  that  Bi  — e consists  of  two  disjoint  (except 
possibly  share  some  common  roots)  subgraphs  Bj  and  Bf,  such  that  P/  = P/  = Bj 
with  roots  corresponding  to  roots  under  the  isomorphism. 

(C)  There  is  an  edge  e G Bi,  such  that  Bj  = Bi  — e with  the  roots  of  Bi  — e 
corresponding  to  the  roots  of  Bj  under  the  isomorphism. 

Next  construct  a sequence  M = {Pi,...,P„}  and  subgraph  D inductively  as 
follows.  Let  Pi  be  a largest  2-branch  of  P and  D\  = P — E{B\).  Assume  that,  for 
each  j < i — 1,  Bj  and  Dj  have  been  defined,  where  Dj  = Dj-\  — E{Bj).  Let  Pi  be 
a connected  subgraph  of  P,_i  and  P,  = P,_i  - P(P,),  such  that  for  any  j < i,  Bi 
does  not  intersect  Bj  except  possibly  at  common  roots;  Bi  does  not  contain  any  edge 
between  two  vertices  of  Di;  and  Pi  satisfies  one  of  the  following  two  conditions. 
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(1)  If  there  is  2-branch  of  P that  is  a subgraph  of  A-ij  then  B{  is  chosen  as  such 
a 2-branch  of  P with  the  largest  number  of  vertices. 

(2)  Assume  there  is  no  2-branch  of  P that  is  a subgraph  of  If  there  is  a 

subgraph  of  Z),_i  that  is  isomorphic  to  (with  roots  corresponding  roots  under 
the  isomorphism),  then  is  chosen  to  be  such  a subgraph.  Otherwise  B{  is  chosen 
so  that  there  is  a Bj  that  lies  below  Bi  and  there  do  not  exist  s,  t,  s < j < i < t so 
that  Bs  lies  below  Bt.  Also  B{  must  satisfy  one  of  the  following  three  conditions. 

(i)  Bi  is  a graph  as  defined  in  (A)  above. 

(ii)  all  graphs  that  can  be  defined  by  (i)  (for  the  fixed  Bj)  have  been  collected 
into  M and  Bi  is  a graph  as  defined  in  (B)  above. 

(iii)  all  graphs  that  can  be  defined  by  (i)  and  (ii)  (for  the  fixed  Bj)  have  been 
collected  into  M and  Bi  is  a graph  as  defined  in  (C)  above. 

Finally,  suppose  n is  the  first  natural  number  so  that  no  subgraph  of  Dn  exists 
that  satisfies  the  conditions  above.  Let  C = and  call  C the  core  of  P.  Note 
that,  for  each  Bj  € M,  the  roots  of  Bj  are  Bj  D C.  Call  each  element  of  M a 
multi-root-branch  of  P.  In  particular,  call  elements  of  M defined  in  (2)-(i),  (2)-(ii) 
and  (2)-(iii)  type  (A),  type  (B)  and  type  (C)  multi-root-branches,  respectively.  An 
important  property  of  the  core  C is  stated  in  Lemma  3.6.  Denote  c = v{C). 


Figure  3.3. 

Examples  of  type  (A)  (B)  and  (C)  multi-root-branches.  In  (A),  B^  and  B^  are 
the  subgraphs  induced  by  vertices  2,3,6, 7,8,9,  excluding  the  edge  (2,3),  and 
1,2, 3,4, 5, 8,  excluding  the  edge  (4,5),  respectively. 
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Lemma  3.6  If  P is  a 2-connected  graph  with  e(P)  > then  c = t/(C)  > p/2 

and  £(C)  > 

Proof  If  M is  empty,  then  C = P and  Lemma  3.6  is  clear.  Assume  that  M is 
not  empty.  It  will  first  be  shown  that  c > p/2.  By  way  of  contradiction,  assume 
that  c < p/2.  A graph  P2  will  first  be  constructed.  Then  it  will  be  proved  that 
e(P)  = £(^2)  < obtaining  a contradiction. 

The  graph  P2  is  constructed  in  two  stages.  The  first  stage  is  to  construct  a graph 
Pi  performing  decompositions  on  ail  multi-root-branches  of  P.  The  second  stage 
is  the  construction  of  P2  from  Pi . 

Stage  1.  Perform  decompositions  to  construct  Pi. 

Some  definitions  are  introduced.  Consider  an  edge  e = (u,u),  where  u ^ C and 
V may  or  may  not  be  in  C.  Define  an  edge-shift  and  an  edge-relocation  as  follows: 
delete  the  edge  {u,v)  and  add  an  edge  (u,  w).  K w ^ C,  then  the  edge  e is  said  to  be 
shifted  to  w and  u is  said  to  be  the  fixed  point  of  the  shift.  If  to  € C,  the  the  edge  e 
is  said  to  be  relocated  to  w. 

Next  define  the  decomposition.  Let  B},  P/,  be  subgraphs  of  Kp, 

where  Kp  is  the  complete  graph  of  order  p on  the  vertices  of  P.  Let  E*  be  a 
subset  of  E{Kp).  A subgraph  B C Pj,  P,-  e Af,  is  said  to  be  decomposed  into 
B],  Bf,  Pf , • • • , P"^’\  P*  if  all  the  edges  of  P axe  deleted  from  P and  edges  of 
are  added.  Note  that  we  axe  only  deleting  and  adding  edges  here, 
vertices  of  P remain  untouched.  The  decomposition  described  below  will  satisfy  (1) 
none  of  the  Bj,  Bf,  Bf,  • • • , P”^'^  contains  an  edge  of  (7;  (2)  B},  P/,  Pf,  • • • , P,"^'^ 
axe  pairwise  disjoint  except  possibly  at  vertices  of  C;  (3)  each  edge  in  Ei  joins  a vertex 
in  Bi  and  a vertex  in  Bj—C  for  some  Bj  E M,j  < i;  (4)  each  of  Bj,  Bf,  Bf,  • • • , P”^‘^ 
is  isomorphic  to  a subgraph  of  a 2-branch  in  M. 
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Now  perform  a decomposition  for  each  5,  € M as  follows.  Throughout  the  re- 
maining part  of  the  Stage  1,  Bj  is  always  the  multi-root-branch  and  e is  always  the 
edge  as  defined  in  (A),  (B)  or  (C)  when  B{  is  defined.  In  the  following  cases  (I) 
through  (IV),  either  B(  or  Bj  is  a 2- branch. 

(I)  If  Bi  € M is  a 2- branch,  then  Bi  is  decomposed  to  itself,  that  is,  n{i)  = 1, 
Bj  = Bi  and  = 0 . 

(II)  If  Bi  is  of  type  (A)  and  Bj  is  a 2-branch,  then  perform  the  following  operations 
on  Bi. 

(i)  As  in  (A),  let  f : B^  — e = Bj.  Shift  e to  a vertex  in  Bj  — C so  that  e joins  a 
vertex  of  — (7  to  a vertex  of  Bj  — C. 

(ii)  For  each  e'  = (u,u)  € B^  — e,  where  f{v)  € C f)  Bj,  relocate  e'  to  f{v),  that 
is,  delete  the  edge  e'  = (u,u)  and  add  an  edge  (u,f(v)). 

(iii)  Since  B^  is  isomorphic  to  B^  by  (A),  — B^  is  isomorphic  to  a subgraph  of 

B^.  Let  g : B^  — B^  —*  B^  be  an  embedding.  For  eanh  e"  = (u,  v)  € B^  — B^,  where 
(5r(«),5(t;))  is  relocated  to  f{g{v)),  relocate  e"  to  f{g{v)). 

In  this  case,  Bi  is  decomposed  into  B],Bi,E',  where  B]  is  the  graph  obtained 
from  — e by  replacing  each  edge  (it,  v)  with  an  edge  (it,  f{v))  as  in  (ii),  Bf  is  the 
graph  obtained  from  B^  — B^  by  replacing  each  edge  (it,v)  with  edge  {u,f{g{v))) 
as  in  (iii),  and  E'  = {ci},  where  the  edge  ci  is  the  result  of  shifting  e in  (i). 

(III)  If  Bi  is  of  type  (B)  and  Bj  is  a 2-branch,  then  perform  the  following  opera- 
tions on  Bi. 

(i)  As  in  (B),  Bi  — e consists  of  two  disjoint  subgraphs  B^  and  B^  such  that 
/i  : B^  = Bj  and  /2  : B^  = Bj.  Shift  the  edge  e = (it,u),  where  it  € B^  — C,  to  a 
vertex  in  Bj  — C. 

(ii)  For  each  t'  = (u,u)  6 BA,  where  fi{v)  e C C\  Bj,  relocate  e'  to  fi{v),  that  is, 
delete  the  edge  e'  = (u,v)  and  add  an  edge  (u,/i(i;)). 
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(iii)  For  each  e'  = («,u)  € where  f2{v)  eCC\  Bj,  relocate  e'  to  fiiv),  that  is, 
delete  the  edge  e'  = (u,u)  and  add  an  edge  (u, /2(u)). 

In  this  case,  5,  is  decomposed  into  where  Bj  is  the  graph  obtained 

from  B^  by  replacing  each  edge  (u,v)  with  an  edge  (u,/i(v))  as  in  (ii),  Bf  is  the 
graph  obtained  from  B^  by  replacing  ea^h  edge  (u,n)  with  an  edge  (u,/2(u))  as  in 
(iii),  and  E*  = {ei},  where  the  edge  ej  is  the  result  of  shifting  e in  (i). 

(IV)  If  Bi  is  of  type  (C)  and  Bj  (=  B{  — e)  is  a 2-branch,  then  shift  the  edge  e so 
that  e joins  a vertex  of  Bi  — (7  to  a vertex  of  Bj  — C.  In  this  case,  B;  is  decomposed 
into  B}  = Bi  — e and  E'  = {ci},  where  the  edge  ti  is  the  result  of  shifting  e. 

The  decomposition  is  not  yet  complete  because  the  case  that  both  Bi  and  Bj  are 
not  2-branches  has  not  yet  been  discussed.  From  here  proceed  inductively.  Assume 
that  all  Bj  € M,  where  j < i,  have  been  decomposed.  In  (V),  (VI)  and  (VII), 
decomposition  on  Bi  £ M is  performed  for  the  cases  that  Bi  is  of  type  (A),  (B)  or 
(C),  respectively.  Before  starting,  we  introduce  a definition.  Let  B be  a subgraph 
of  Bi  such  that  there  is  an  embedding  f : B —*  Bj  for  some  Bj  G M.  Suppose  Bj 
has  already  been  decomposed.  The  statement  “decompose  B according  to  the  way 
Bj  was  decomposed”  is  defined  as  follows:  For  each  edge  e £ B such  that  /(e)  € Bj 
was  shifted  or  relocated  during  the  decomposition  of  Bj,  shift  or  relocate  the  edge  e 
to  the  vertex  where  /(e)  was  shifted  or  relocated. 

(V)  If  Bi  is  of  type  (A),  then  perform  the  following  operations  on  Bi. 

(i)  As  in  (A),  let  f : B^  — e = Bj.  Shift  e to  a vertex  in  Bj  — C so  that  e joins  a 
vertex  of  — (7  to  a vertex  of  Bj  — C. 

(ii)  By  the  induction  hypothesis,  Bj  has  been  decomposed  into  B],  • • • , EK 

Note  that  / : B^  — e = Bj.  Decompose  B^  — t according  to  the  way  Bj  was 
decomposed.  Let  J5^  — e be  decomposed  into  (Bj)',  • • • , (E^)'.  For  B^  — B^ 

(note  that  there  is  an  embedding  g : B^  — B^  — > B^),  decompose  B^  — B^  according  to 
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the  way  was  decomposed.  Let  B^—B^  be  decomposed  into  (Bj)",  • • * , (Bj)", 
where  t < n(j).  Then  B{  is  decomposed  into  (-Bj)',  • • • , (Bj)",  •••,(Bj)", 

{E^y  U(B^)"  U{ei},  where  ei  is  the  edge  resulted  from  the  shifting  of  e in  (i). 

(VI)  If  Bi  is  of  type  (B),  then  perform  the  following  operations  on  Bj. 

(i)  Note  that  Bi  — e consists  of  two  disjoint  subgraphs  B^  and  B^  such  that 

/i  : B^  = Bj  and  : B^  = Bj.  Shift  the  edge  e = (u,u),  where  u € B^  - (7,  to  a 

vertex  in  Bj  — C. 

(ii)  By  the  induction  hypothesis,  Bj  has  been  decomposed  into  Bj,  • • • ,BJ^^\E^. 
Since  Bj  = B^  = B^,  decompose  B^  and  B^  according  the  way  Bj  is  decomposed. 
Let  B^  be  decomposed  into  (Bj)',  • • • , (B"^-'^)',  {E^)',  and  B^  be  decomposed  into 
(Bj )",•••  ,(B”^-'^)",  (-B-')".  Then  Bi  is  decomposed  into  (Bj)',  •••,  (B"^-'^)', (Bj)", 
• • • , {Bj^^^y,  {E^y  U{E^y  U{ei},  where  Ci  is  the  edge  resulted  from  shifting  e in  (i). 

(VII)  If  Bi  is  of  type  (C),  then  perform  the  following  operations  on  Bi. 

(i)  shift  the  edge  e so  that  e joins  a vertex  of  Bj  — (7  to  a vertex  of  Bj  — C. 

(ii)  By  the  induction  hypothesis,  Bj  has  been  decomposed  into  Bj,  • • • , Bj^^\  E^. 
Since  Bj  = Bi  — e,  decompose  Bi  — e according  to  the  way  Bj  is  decomposed.  Let 
Bi  — e be  decomposed  into  (Bj )',•••,  (B"^''^)',  (.B'^)'.  Then  Bi  is  decomposed  into 
(Bj)',  • • • , (B"^"'^)',  {E^y  U {ci},  where  Ci  is  the  edge  resulted  from  shifting  e in  (i). 

After  all  Bj  (1  < i < n)  have  been  decomposed  into  B},- • ' ,B^^'\E'  £is  above, 
the  resulting  graph  is  denoted  Pi.  In  the  decomposition  of  ecich  Bj  that  is  not  a 
2-branch,  the  edge  e is  always  shifted  to  a vertex  of  Bj  — C,  while  any  other  shifted 
edge  of  Bi  is  shifted  to  a vertex  of  B/  — C,  where  I < j.  Hence  the  edge  shifts 
performed  in  the  steps  above  shift  edges  incident  with  a common  vertex  to  different 
branches.  Thus  no  multiple  edge  is  formed.  Also,  the  decomposition  process  only 
involves  edge-shifts  and  edge-relocations  which  do  not  change  the  number  of  edges 
in  a graph.  Hence  the  number  of  edges  in  P and  P\  are  the  same.  The  graph  P\  has 
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the  following  properties:  Pi  = (7  U {P(,  Pj?  ‘ ‘ > ^m)  *-*  P',  where  P'  is  the  union  of 

(1  ^ i ^ ”))  each  B'j  equals  some  B^j  {\  < j < n,  \ < I < w(j)).  In  P\  — E', 
B[,B'2,  ••• , B'^  are  disjoint  except  possibly  at  their  roots;  none  of  the  B[,  B'2,  • • • , 
contains  an  edge  in  C,  and  each  P',  1 < s < m,  is  isomorphic  to  a subgraph  of  a 
2-branch  in  M. 

Stage  2.  Construction  of  P2  from  Pi. 

(i)  Since  i^(C')  < p/2  by  assumption,  we  can  partition  the  set  of  vertices  of  Pi  into 
two  parts  Wb  and  Wc,  so  that  Wc  contains  exactly  [p/2]  vertices.  Moreover,  this 
can  be  done  so  that  for  some  k,  1 < k < m,  Wc  is  the  union  of  V{C)  and  a (possibly 
empty)  subset  U of  V(P][)  and,  in  case  k ^ m,  V(Bj)  for  all  < ^ < m.  We  have 
k > 1,  since  i>{B[)  = i'(Pi)  < pI^  by  the  definition  of  a 2-branch.  Further  the  set  U 
can  be  chosen  so  that  U D V{C)  = V{B'i^)  D V{C).  Let  Wb  = V^(Pi)  ~ ^c- 

From  Pi,  a graph  Pj  will  be  constructed  so  that  P2  consists  of  two  subgraphs, 
denoted  C and  P',  where  V {C)  = Wc  and  V {B')  = Wb  and  B'  D C is  the  two 
roots  of  Pi  = B[.  To  do  this,  all  edges  joining  vertices  of  Wc  to  vertices  of  Wb 
(except  those  of  Pi  and  C)  have  to  be  shifted  again.  To  meike  the  next  steps  easier 
to  comprehend,  an  example  is  introduced.  Figure  3.4  shows  a graph  P with  multi- 
root-branches Pi,...,P„.  Figure  3.5  shows  the  graph  P\.  The  edges  a',V,cf,d',e' 
resulted  from  edge  shifts.  For  simplicity,  no  edge  relocation  is  considered  in  this 
example.  Assume  that  Wc  is  the  union  of  V{C)  and  V{B'-)  for  aJl  A:  < j < m ^lnd 
£/=  {1,4,5}. 

(ii)  Suppose  that  the  PJ[  in  (i)  above  is  one  of  the  subgraphs  into  which  the  multi- 
root-branch Bg  E M was  decomposed.  For  all  edges  of  Pi  that  are  incident  with  ver- 
tices in  [V(P.+i)U-  • ■UV{Bn)]-V{C)  or  in  [V{Bg)-V{C)]n[U(JV{B',^,)  • • -liV{B'J\ 
and  that  were  the  result  of  shifting,  undo  these  edge-shifts.  Here  the  operation  “undo 
an  edge-shift”  is  defined  as  follows.  Suppose  that  an  edge-shift  deletes  edge  («,  u)  and 
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adds  edge  {u,w)‘,  then  undo  the  edge-shift  on  («,tn)  means  delete  the  edge  (u,w)  and 
add  back  the  edge  (u,v).  In  the  example,  the  edge-shifts  for  the  edges  a',b',cf,d',e' 
are  undone.  Figure  3.6  shows  the  resulting  graph. 

(iii)  After  step  (ii),  there  may  be  edges  between  vertices  in  [V{Bg)  — V(C)]  fl  [f/U 
. • • UV{B'J]  and  vertices  in  [V{Bg)  - V{C)]  PI  \V{B[)  U • • • U V{B'^_^)  U V]. 
Among  these  edges,  those  joining  vertices  of  U and  vertices  of  V will  be  dealt  with 
in  step  (iv).  All  other  such  edges  are  the  result  of  the  “undo  edge-shift”  in  step 
(ii)  above  and  these  are  shifted  again  as  follows.  For  each  edge  (x,y)  ^ where 
X € [V{Bg)  - V{C)]  n [V{B[)  U •••  U V{Bi_^)  U V]  and  y € [V{B.)  - V(C')]  n 
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[y • • • U V {B'^  U [/],  shift  (x,  y)  to  the  vertex  to  which  (x,  y)  was  shifted  when 
constructing  Pi,  but  this  time,  choose  x instead  as  the  fixed  point.  Recall  that  the 
choice  of  fixed  point  in  an  edge  shift  is  arbitrary  when  neither  of  the  end  points  of  the 
edge  is  in  C.  For  example,  in  Figure  3.6,  edge  a = (x,  y)  is  such  an  edge.  Shift  a again 
by  deleting  a and  add  an  edge  a"  between  x and  the  vertex  to  which  a was  shifted 
when  constructing  Pi.  The  resulted  edge  a"  is  shown  in  Figure  3.7.  As  explained  in 
the  l<ist  paragraph  of  Stage  1,  since  edge  shifts  always  shift  edges  incident  with  the 
same  vertex  to  different  branches,  no  multiple  edge  is  formed. 

(iv)  For  each  edge  between  a vertex  u of  Pj,  1 < j < A:,  and  a vertex  v of  C, 
delete  the  edge  (u,  v)  and  add  an  edge  between  u and  a vertex  of  Bi.  See  Figure  3.7. 
Further,  for  each  edge  between  u e U and  u 6 V,  delete  the  edge  (u,  u)  and  add  an 
edge  between  v and  a vertex  of  Pi.  Since  Pi,  by  the  definition  of  the  core,  is  the 
largest  2-branch  of  P and  B^  can  be  embedded  into  a 2-branch  by  the  properties  of 
the  decomposition,  we  have  v{B'i^)  < u{Bi).  Hence  no  multiple  edges  need  be  formed. 
For  example,  in  Figure  3.7,  the  edge  (u,v)  is  deleted  and  an  edge  between  u and  a 
vertex  of  Pi  is  added.  Also  the  edges  (1,2),  (1,3)  joining  vertices  of  U to  vertices  of 
V are  deleted  and  two  edges  joining  vertices  {2, 3}  to  vertices  of  Pi  are  added. 

When  the  operations  described  in  above  (i)-(iv)  are  completed,  the  resulting  graph 
is  denoted  P^.  Let  C be  the  subgraph  of  P2  induced  by  the  vertex  set  Wc  and  let 
B'  be  the  subgraph  of  Pj  consisting  of  all  edges  of  P(P2)  - P(C').  Notice  that 
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|V(C'')|  = \ Wc\  = [p/2l  and  that  there  are  at  most  [p/2j  + [p/2j  = p edges  between 
the  two  vertices  of  V{B')  D V{C')  and  the  vertices  of  V{B')  — V{C).  Now 

e{P)  =e{P2)<e{a)-\-e{B') 

< [{p  + l)/2][(p  - l)/2]/2  + (p/2)(p/2  - l)/2  + p<p{p  + 3)/4, 

which  is  a contradiction.  Hence  e{C)  > p/2. 

We  next  show,  by  contradiction,  that  e{C)  > Assume  that  £{C)  < 

Define  a graph  P3  as  follows.  Consider  the  graph  Pi,  after  Stage  1 above.  For  each 
B'i,  I <i  <rn,  delete  each  edge  joining  a vertex  u of  B[  — C «ind  a vertex  t;  6 P,-  H C, 
and  add  an  edge  between  u and  a vertex  of  Bi  D C.  Note  the  following  facts.  (1) 
|Pi  n C|  = 2 by  the  definition  of  2-branch;  (2)  |P,-  D C|  < 2 because  B'-  is  isomorphic 
to  a subgraph  of  some  2-branch;  (3)  no  edge  of  E'  (the  set  of  edges  resulting  from 
edge-shifts)  joins  a vertex  of  B'-  and  a vertex  of  Bi  D C,  since  edges  were  shifted 
only  to  vertices  not  in  C.  Hence  no  multiple  edges  need  be  formed  in  the  above 
construction  of  P3.  In  the  new  graph  P3,  let  B'*  be  the  subgraph  consisting  of  all 
edges  of  E{Pz)  — E(C).  Notice  that  \V{P2)  — V{C)\  = p — c and  that  there  axe  at 
most  2(p  — c)  edges  between  the  two  vertices  of  V{B")  D V{C)  and  the  vertices  of 
V{B')  - V{C).  We  have 

e(P)  = e(P,)  < + 2(p -c)< 

4 2 4 

a contradiction. 

3.4  The  Main  Theorem 

This  section  contains  the  preliminary  Lemma  3.7  and  the  proof  of  the  main  result. 

Lemma  3.7  Let  C be  a graph  of  minimum  degree  at  most  2 and  e(C)  > jc(c-f-3), 
where  c = i^{C).  Then  there  exists  & k,  1 < k < c,  such  that  in  the  degree  sequence 
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dc{vi)  < dc{v2)  < •••  < dc{vk)  < dc{vk+i)  < •••  < dc{vc)  of  C,  we  have  (1) 
dc{vi+i)  < dc{vi)  + 1 for  all  i < k and  dc{vk+i)  > dc{vk)  + 1;  (2)  A:  < c — 4;  and  (3) 
the  subgraph  B induced  by  {ujt+i,  Ufc+2,  • • * , Uc}  satisfies  e{B)  > | • 

Proof.  By  way  of  contradiction,  assume  that  (1)  does  not  hold.  Then  the  total 

degree  of  the  graph  C is  at  most  2+3+4H |-(c— 3)  + (c— 2)  + (c— l)  + (c— l)  + (c— 1) 

which  implies  that 


contradicting  the  assumption.  Thus  (1)  is  proved.  In  addition  it  can  be  seen  from 
the  degree  sequence  that  A:  < c — 4;  hence  (2)  holds.  To  show  (3),  consider  two  cases. 
The  notation  (xi,---,x,)  will  be  used  to  denote  the  subgraph  of  C induced  by  the 
vertices  Xi,  • • • , a:,-. 

Case  1.  A;  < |. 

Since  e{C)  > the  total  degree  of  the  subgraph  C is  more  than  The 

total  degree  of  the  graph  is  at  most  2 + 3 + ---  + (A;  + l)  = 

As  a consequence,  the  total  number  of  edges  between  the  graphs  («!,•••,«*)  and 
B = (ujt+i,  • ••  ,Vc)  is  also  at  most  Hence  the  total  degree  of  B is  more  than 

which  is  greater  than  = f£=Mi£i±rli_  Hence  e{B)  > | 


Case  2.  Ar  > |. 

Observe  the  following  facts. 

(i) 


dc{vM)  + ■ ■ ■ + dc{v.)  > 


k{k  + 3) 
2 


(ii)  The  number  of  edges  between  graphs  (ui,  • • • , Vc-k)  and  (ufc+i,  • • • , Vc)  is  less 
than  or  equal  to  the  total  degree  of  the  vertices  Ui,  • • • , Vc-k,  which  is  at  most 


2 + 34-”'4-(c  — A;  + l) 


(c  — A:  + 3)(c  — A;) 


2 
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(iii)  The  total  number  of  edges  between  (uc-it+i, • ” ,^k)  and  (ujt+i, ••  • ,Uc)  is  at 
most  u{{vc-k+\,’ • • • • • ,Vc))  = {2k  - c){c-k).  Hence  the  total  degree  of 

the  graph  B = (ujt+i,  • • • , Uc)  is  at  least  _ (c-*+3)(c-<.)  _ ^2^  _ — k), 

which  is  greater  than  = i£zMl£z^zli_  Again  e{B)  > | 

Theorem  3.8  Let  G'  be  a graph  with  pruned  center  P.  If  e{P)  > \p{p  + 3),  then 
G'  is  edge  reconstructible. 

Proof.  If  P is  a cycle,  then  G'  is  edge  reconstructible  by  [5].  If  P — e is  2-connected 
for  all  e E P,  then  G'  is  edge  reconstructible  by  Theorem  2.2  and  the  remark  following 
it.  To  show  that  G'  is  edge  reconstructible  in  the  remaining  case,  let  H'  be  any  edge 
reconstruction  of  G' . The  counting  formula  will  be  used  to  show  that  G = ^ is 
isomorphic  to  H = H\  thus  proving  G'  = H'. 

Let  C be  the  core  of  P as  defined  in  Section  3.3.  Define  a partition  S,  T of  the 
edges  of  where  K,^  is  the  complete  graph  on  v{G)  vertices.  If  there  is  no  vertex 
V E C such  that  dc{v)  < 2,  then  let  S be  the  complete  graph  induced  by  V{C)  and 
T all  the  edges  of  not  in  S.  If  there  is  a vertex  v E C such  that  dc{v)  < 2,  the 
partition  S,T  is  defined  as  follows.  Consider  the  degree  sequence  of  the  core  C: 

dc{v\)  < dc{v2)  < • • < dc{vk)  < dc{vk+i)  < • • • < dc{vc). 

By  Lemma  3.6,  e(G)  > . Hence  by  Lemma  3.7,  there  exists  fc,  1 < A:  < c — 4, 

such  that  dc(t^«+i)  < dc(u.)  + 1 for  alH  < A:  and  dc{vk+i)  > dc(ufc)  + 1-  Let  S be 
the  complete  graph  induced  by  the  vertex  set  {u^+i,  • • • , t>c}  and  T the  graph 

consisting  of  all  edges  of  not  in  S. 

Let  Q = G C\  S and  Q = G f]  S = G'  H S he  the  graphs  to  be  used  in  the  counting 
formula  of  Section  2.1.  The  following  four  preliminary  results  will  be  required  in 
applying  the  counting  formula. 
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(1)  The  set  {G  + e\e  E Q}  can  be  recognized  in  {G  + e}. 

This  is  equivalent  to  showing  that  {G  — e\e  £ Q}  can  be  recognized  in  {G  — e}. 
We  first  prove  that  if  e € ^,  then  (a)  /%_g  = /%,  where  is  the  set  of  branches 
of  G — e and  ^ is  the  set  of  branches  of  G;  and  (b)  v{Pe)  = where  Pe  is  the 

pruned  center  of  G — e.  For  this,  it  is  sufficient  to  show  that  P — e is  a non-trivial 
2-block.  Since  e € Q and  V(Q)  = {ujt+i,  • • • ,uj},  e is  not  incident  with  any  2-vertex 
of  P.  Also  P — e cannot  have  more  than  one  2-block.  Otherwise,  by  Lemma  3.5, 
P — e must  contain  a 2-block,  denoted  A,  with  more  than  p/2  vertices  and  more  than 
edges.  In  this  case,  B = P — E{A)  would,  by  definition,  be  a 2-branch. 
But,  by  the  construction  of  Q,  the  edge  e E B,  being  contained  in  a 2-branch,  could 
not  be  in  Q,  which  is  a contradiction.  Hence  P — e is  a non-trivial  2-block. 

At  this  point  it  is  known  that  {G  — e\e  E Q}  Q {G  — e | = /%,  = 

t'(P)}.  The  set  {G  — e | = /%,  v{Pe)  = t^{P)}  can  be  recognized  in  {G  — e} 

since  ^ and  P are  edge-reconstructible.  Hence,  to  show  that  {G  — e|e  € Q}  can  be 
recognized  in  {G  — e},  it  is  sufficient  to  show  that  {G  — e\e  E Q}  can  be  recognized 
in  {G  — e I v{Pe)  = t'(P)}-  This  will  be  done  in  two  steps.  First,  it 

will  be  shown  that  for  any  G — e 6 {G  — e | /%_g  = v{Pe)  = ^'(F’)},  whether  or 
not  e G Z),  is  recognizable.  Second,  it  will  be  shown  that  for  any  G — e with  e E D, 
whether  or  not  e € Q,  is  recognizable. 

First  step:  For  any  G-e€{G-e|  = )%,  v{Pe)  = ^{P)],  pruned(G  - e) 

and  pruned{G)  have  the  same  number  of  2-blocks,  since  the  number  of  2-blocks  in 
their  sets  of  branches  are  the  same  and  their  pruned  center  are  either  both  2-blocks, 
or  both  an  edge  or  a vertex.  First  we  show  that  e E P.  By  way  of  contradiction, 
assume  that  e ^ P.  Since  /%_g  = the  pruned  center  of  G — e is  not  P.  But  in 
this  case,  it  can  be  checked  that  pruned{G  — e)  and  pruned{G)  cannot  have  the  same 
number  of  2-blocks,  a contradiction. 
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We  now  show  that,  whether  or  not  e € D,  is  recognizable.  For  any  B € M,  a 
subgraph  .0'  of  P — e is  called  a B-subgraph  if  there  is  an  isomorphism  f : B B', 
such  that,  in  B',  only  vertices  in  f{B  D D)  can  be  adjacent  to  vertices  of  P — e not 
in  B'.  Define  a coloring  process  on  P — e as  follows:  For  each  successive  j,  j > 1,  if 
there  is  a Pj-subgraph  of  P — e all  whose  edges  are  uncolored,  then  color  it;  repeat 
this  until  there  is  no  uncolored  Pj-subgraph  of  P — e left.  The  coloring  process  ends 
if  and  only  if  there  is  no  uncolored  P„-subgraph  left  in  P — e.  Let  Mp-c  be  the  set 
of  all  colored  P-subgraphs  of  P — e,  for  all  P 6 M.  Note  that  the  Mp^e  obtained  by 
the  coloring  process  may  not  be  unique.  Since  P is  reconstructible  (see  the  remark 
preceeding  Theorem  3.2),  so  is  M.  Therefore  to  show  that,  whether  or  not  e G P, 
is  recognizable,  it  is  sufficient  to  show  that  e € P if  and  only  if  Af  = Mp-e  for  till 
possible  choices  of  Mp-e-  This  is  done  next. 

Assume  that  e ^ P.  Hence  e G B,  for  some  P,  G M.  It  will  be  shown  that  there  is 
a particular  choice  of  Mp-e  such  that  M ^ Mp-e.  By  way  of  contradiction,  cissume 
that  for  any  choice  of  Mp-e.,  we  have  M = Mp-e.  Perform  the  coloring  process  on 
P — e as  follows.  Starting  form  j = 0,  for  each  Bj  G M,  j < i and  Bj  p P,-,  color  each 
multi-root-branch  in  M that  is  isomorphic  to  Bj.  After  all  these  multi- root-branches 
axe  colored,  there  is  no  Pj-subgraph  left  in  P — e,  since  M = Mp-e.  Let  the  number 
of  multi-root-branches  in  M that  axe  isomorphic  to  P,-  be  denoted  n(P,).  After  all 
Pj-subgraphs,  for  all  j < i and  Bj  P,-,  have  been  colored,  color  the  n(P,)  — 1 
multi-root-branches  in  M that  are  isomorphic  to  P,  (note  that  Pj  itself  is  no  longer 
a P, -subgraph  in  P — e).  Continue  arbitrarily  to  obtain  an  Mp-e  by  the  coloring 
process.  Since  M = Mp-e,  there  must  be  a P'  = P„  such  that  P'  G Mp-e  - M.  Note 
that  e ^ B'  C P — e and  that  B'  does  not  intersect  any  multi-root-branch  that  was 
colored  before  P',  except  possibly  sharing  some  common  roots  (since  the  elements  of 
Mp-e  can  only  intersect  each  other  at  roots).  In  particular,  because  of  the  ordering 
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on  the  multi-root-branches,  B'  is  not  contained  in  any  multi-root-branch  of  the  form 
e,  where  B^  = B^  = Bi,  as  defined  in  (A)  in  Section  3.3.  The  ftict  that 
B'  is  not  a multi-root-branch  in  P implies  (a)  e is  incident  with  a vertex  of  B'  other 
than  a vertex  in  P — E{B')]  or  (b)  E{B')  n E{Bi)  ^ 0.  But  in  each  case  B'  U B,-  U c 
is  a multi-root-branch,  a contradiction.  Note  that  one  may  argue  that  the  fant  that 
B'  is  not  a multi-root-branch  in  P could  be  due  to  the  possibility  that  B'  intersects 
a multi-root-branch  Bi,  where  I > i and  Bi  ^ Bi.  But,  in  this  case,  according  to  the 
order  defined  in  Section  3.3,  (2)  (in  the  construction  of  D),  B'  or  U U e should 
be  in  M and  Bi  should  not  be  in  Af,  a contradiction. 

Conversely  assume  that  e € Z).  For  any  Mp-e  defined  by  the  coloring  process,  it 
will  be  proved  that  Mp_g  = M.  We  first  show  that,  for  any  Bi  € M,  Bi  must  be 
colored  as  a P, -subgraph  in  P — e.  By  induction,  it  is  sufficient  to  show  that,  under 
the  assumption  that  for  any  Bj  E M,  j < i and  Bj  ^ Bi,  Bj  is  colored  as  a Bj- 
subgraph,  then  Bi  must  also  be  colored  as  a P, -subgraph.  By  way  of  contradiction, 
assume  that  P,  is  not  colored  as  a Pj-subgraph.  Then  there  must  be  an  already 
colored  subgraph  P C P - e,  such  that  E{B)  n P(P.)  ^ 0.  Note  that  P is  not  in  M 
since  no  two  multi-root-branches  can  share  a common  edge.  Also  P does  not  intersect 
any  multi-root-branch  that  appears  before  P,-  (except  possibly  sharing  some  common 
roots),  since  these  are  alreaxly  colored.  In  particular,  because  of  the  ordering  on  M, 
B is  not  contained  in  any  multi- root-branch  of  the  form  P^  U P^  U e (where  P^  = P,) 
as  defined  in  (A)  or  (B)  in  Section  3.3.  Now,  P = Bj  for  some  j < i.  If  j < *,  then 
e must  be  incident  with  at  least  one  vertex  of  P other  than  its  roots;  otherwise  P 
would  be  in  M.  But  then  P -f-  e should  be  a type  (C)  multi-root-branch  as  defined  in 
Section  3.3,  unless  it  is  a subgraph  of  a type  (A)  or  (B)  multi-root-branch  as  defined 
in  Section  3.3.  In  either  case  e is  not  in  D,  a contradiction.  If  j = i,  then  P U P,  U e 
(or  P U P,  U e',  where  e'  G Bi  — Bj,  if  e is  not  incident  with  any  vertex  of  Bj  other 
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than  its  root),  is  a type  (A)  multi-root  branch,  contraxiicting  the  facts  that  e £ D and 
that  B is  not  contained  in  any  multi-root-branch  of  the  form  B^\J  (type  (A)) 

as  defined  in  Section  3.3.  Now  that  it  has  been  shown  that  all  multi-root-branches 
are  colored,  we  next  show  that  any  5-subgraph  B',  that  was  colored  in  P — e,  must 
be  in  M.  By  way  of  contradiction,  assume  that  B'  ^ M.  Note  that  B'  does  not 
intersect  any  multi-root-branch  in  M,  except  possibly  sharing  some  common  roots, 
since  they  are  all  in  Mp-^.  So  e must  be  incident  with  at  least  one  vertex  of  B'  other 
than  its  roots;  otherwise  B'  would  be  in  M.  But  in  this  c«ise,  5'  -1-  e is  already  a 
type  (C)  multi-root-branch  of  P unless  5'  -f  e is  a subgraph  of  a type  (A)  or  (B) 
multi-root-branch  of  P.  In  either  case  e is  not  in  D,  a contradiction.  Thus  we  have 
proved  that  M = Mp-e-  We  have  shown  that  e € 5 if  and  only  if  Af  = Mp^e  for  all 
possible  choice  of  Mp^e-  Hence,  whether  or  not  e E D,  is  recognizable. 

Second  step:  We  show  that  for  any  G — e with  e E D,  whether  or  not  e € is 
recognizable.  Since  V{Q)  = {ufc+i,  • • • ,Ud}  and  doivk+i)  > doivk)  + 1,  the  edge  e is 
from  Q if  and  only  if  the  first  k terms  of  the  degree  sequences  of  D — e and  D are 
the  same.  Hence  whether  e E Q is  recognizable. 

The  argument  above  for  proving,  whether  or  not  e E D is  recognizable,  also  shows 
that  if  e E D,  then  the  uncolored  part  of  P — e is  exactly  D — e.  Therefore  5 — e is 
recognizable  in  P — e.  Since  Q — eis  recognizable  in  5 — e,  as  was  just  pointed  out 
above,  we  have  also  proved  the  following  result: 

(!')  Q — e is  recognizable  in  P — e. 

Turning  to  the  second  preliminary  result. 

(2)  For  the  graph  G = G'  and  H = H',  it  may  be  assumed,  without  lose  of 
generality,  that  H f\T  = G V\T. 

Take  any  G — eE{G  — e\eE  Qq}  and  assume  that  f : G — e = H — e'. 
Since  by  (1),  whether  or  not  e E Q,  is  recognizable,  we  have  e'  E Qjj.  Since  by 
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(1'),  Qq  — e is  recognizable  in  ^ — e and  Qjj  — e'  recognizable  m.  H — e',  yfe  have 
/ • Qg  — ^ — Qh  ~ ' Therefore  if,  for  each  t;  G ^ — e,  we  assign  the  same  label  to 
both  u G ^ — e and  /(u)  £ H — e',  then  we  have  E(J^)  — E{Qq)  = E{H)  — E{Qff) 
as  labeled  edges.  Take  complements  to  obtain  H C\T  = G OT. 

(3)  For  each  full  graph  F the  number  of  copies  taiF)  is  uniquely  determined  by 
the  set  {G  + e}. 

It  has  been  shown  in  paragraph  (1)  above  that  {G  + e|e  G Q}  is  determined 
by  {G  + e}.  It  is  now  sufficient  to  show  that  taiF)  is  uniquely  determined  by 
{G  + e I e G Q}.  It  has  been  proved  in  (!')  that  Q — e caji  be  recognized  in  P — e for 
each  e £ Q.  Since  P — e remains  2-connected  as  previous  showed  in  (1),  P — e can  be 
recognized  in  G — e.  Hence  Q — e can  be  recognized  in  G — e.  Taking  the  complement, 
we  conclude  that  Q + e can  be  recognized  in  G + e.  Therefore  G fl  T = G — E(Q  + e) 
can  be  recognized  in  G + e,  which  means  that,  whether  or  not  a subgraph  F'  of  G + e 
contains  all  the  edges  in  G fl  T,  can  be  recognized.  Also  a subgraph  of  G + e,  in 
particular  F',  can  contain  no  other  edges  of  T besides  GOT  because  e E Q Q S. 
Hence,  whether  or  not  F'  is  full  (that  is,  F'  contains  all  edges  in  GflT,  some  edges  of 
S and  no  other  edges),  can  be  recognized.  Furthermore,  whether  or  not  F'  satisfies 
F'  = F with  G n r corresponding  to  G D T under  the  isomorphism,  can  also  be 
recognized.  Hence  whether  or  not  a subgraph  F'  of  G -f  e is  a copy  of  F can  be 
recognized. 

(4)  For  any  full  graph  F C G,  the  denominators  in  counting  formulas 


[EF-e6[F-e]  ^jF  ~ C,  G)a{F  — c)]  - tg{F) 
e{F)  - eCQa) 

[EF-eg[F-e]  ~ H)a{F  - c)]  - ^^(F) 
e{F)  - e(Q„) 


(2) 


axe  not  zero. 
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Since  e(F)  = e(F  n Qq)  < ^{Qg),  it  is  sufficient  to  show  that  e{Q)  > | 

The  last  inequality  follows  from  Lemma  3.7  by  taking  Q to  be  the  B in  Lemma  3.7. 

We  are  now  ready  to  apply  the  counting  formula  to  show  that  H and  G are 
isomorphic.  For  any  full  graph  F C G,  it  will  be  proved  by  induction  on  e{F  fl  Qq) 
that  s{F,H)  = s{F,G).  When  e{F  C\  Qa)  = 0,  we  have  s{F,H)  = s{F,G)  = 1 
since  HC\T  = GC\T  hy  paragraph  (2)  above.  Assume  that  s{F,  H)  = s{F,  G)  for 
all  full  F Q G with  e{F  C\  Q)  < j.  Then  for  any  F with  e{F  D Q)  = j,  we  have 
s{F  — e,H)  = s{F  — e,  G)  for  all  F — e € [F  — e]  by  the  induction  hypothesis.  Also 
taiF)  is  uniquely  determined  by  the  set  {G  + e}  by  paragraph  (3)  above,  hence 
tniF)  = taiF).  Equations  (2)  now  yield  s(F,  H)  = s(F,  G)  for  any  full  F CG.  Take 
F = G to  obtain  s{G,H)  = s{G,G)  > 1.  Hence  G^H,  that  is,  G'  ^ W.  Thus  G' 
is  edge  reconstructible. 


CHAPTER  4 

A NEW  DIRECTION  FOR  FUTURE  STUDY 


In  this  chapter  a conjecture  is  posed  and  proved  to  be  equivalent  to  the  Edge- 
Reconstruction  Conjecture.  This  provide  a new  approach  to  the  edge-reconstruction 
problem. 

Conjecture.  Let  G C he  & graph  with  j/  > 10  and  4 < e{G)  < i/{log-2V  — 1). 
Then  there  is  a number  i with  e{G)  <i<  e(G)  such  that  for  any  graph  J C with 
e{J)  = i,  the  number  of  subgraphs  of  containing  G and  isomorphic  to  J is  edge 
reconstructible. 

Theorem  4.1.  The  conjecture  is  equivalent  of  the  Edge- Reconstruction  Conjecture. 

Proof.  It  is  obvious  that  the  Edge- Reconstruction  Conjecture  implies  the  above 
conjecture.  We  need  only  prove  that  if  the  above  conjecture  is  true,  then  any  graph 
G'  C K„  with  6{G*)  > 4 is  edge  reconstructible.  Since  all  the  graphs  with  at  most 
nine  vertices  are  known  to  be  reconstructible  and  hence  edge  reconstructible  ([5], 
p.229),  we  may  assume  that  i/  > 10.  Moreover,  if  e(G')  > v{log2V  - 1),  then  G' 
is  edge  reconstructible  [19].  Hence  we  may  assume  that  e(G')  < u{log2V  — 1).  Let 
r = 0 and  S = K^.  Then  Q = G,  Q = G and  for  any  subgraph  F C K^,  F is  always 
full  and  F = F — (Got)  = F.  Thus  Equation  (1)  becomes 

EF-e6[F-e]  ~ G)a{F  — c)]  — ta{F) 
e{F)  - e{G>) 


By  assumption  there  is  a number  i with  e{G')  < i < e{G')  such  that  for  any  graph 
F with  e(F)  = i,  the  number  of  subgraphs  of  containing  G'  and  isomorphic  to 
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F is  edge  reconstructible.  Hence  for  any  graph  F with  e(F)  = — t,  the  number 

of  subgraphs  oi  G = G'  isomorphic  to  F is  complement  edge  reconstructible.  Since 
= i < e(G')>  ^^ve  e(G')  = e(^)  < £{F),  so  the  denominator  in 
Equation  (3)  is  not  zero.  For  any  graph  F with  e{F)  > j — t,  we  will  prove 
s{F,G)  = s{F,H)  by  induction  on  e(F).  In  the  initial  case  e(F)  = (j)  ~ *>  we 
have  s(F,  G)  = s{F,  H)  by  the  assumption  in  the  conjecture.  For  any  graph  F with 
e(F’)  > ^2)  ~ since  e(F’)  > e{G')  , the  denominator  of  Elquation  (3)  is  not  zero 
in  each  step  of  the  induction  proof.  Take  F = G to  obtain  s{G,  G)  = s(G,  H)  > 1. 
Hence  G = H,  that  is,  G'  = H'.  Thus  G'  is  edge  reconstructible. 


CHAPTER  5 
CONCLUSION 

A new  coiinting  formula  for  edge- reconstruction  is  introduced  in  Section  2.1  of 
this  thesis.  Using  this  counting  formula,  we  have  proved  the  following  results: 

(I)  A 2-edge-connected  bipartite  graph  G = (A,B)  is  edge  reconstructible  if 
e{G)  > iu{AHBy, 

(II)  A separable  graph  G with  pruned  center  P is  edge  reconstructible  if  e{P)  > 

\p{p  + 3). 

To  show  the  latter  result,  we  also  proved  the  following  result: 

(III)  The  set  of  branches  of  a separable  graph  G is  reconstructible  unless  all  the 
following  hold:  (1)  G has  exactly  two  branches,  (2)  one  branch  contains  all  the  1- 
vertices  of  G,  (3)  the  other  branch  contains  exactly  one  end-block,  and  (4)  the  pnmed 
center  of  G is  a vertex  or  an  edge. 

This  last  result  is  an  improvement  on  the  theorem  of  Greenwell  and  Hemminger 
in  [7]. 
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